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Ghohjdwlrq ri Frqwuro Uljkwv/ Rzqhuvkls
Frqfhqwudwlrq/ dqg wkh Ghfolqh
ri H{whuqdo Ilqdqfh




Li rzqhuvkls dqg frqwuro duh vhsdudwhg/ ohdylqj wkh pdqdjhu zlwk glvfuhwlrq
pd| eh ri ydoxh1 Wklv sdshu glvfxvvhv wkh h{whqw wr zklfk d ￿up*v rzqhuvkls
vwuxfwxuh pd| vhuyh dv d frpplwphqw iru vkduhkroghuv qrw wr lqwhuihuh zlwk wkh
pdqdjhu*v surmhfw ghflvlrqv/ wkhuhe| uhgxflqj wkh djhqf| frvw ri ghew1 Dv vkduh0
kroghu sdvvlylw| phdqv judqwlqj wkh pdqdjhu pruh iuhhgrp/ wkh frvwv ri wklv frp0
plwphqw duh lqfuhdvhg pdqdjhuldo rq0wkh0mre frqvxpswlrq dqg vklunlqj1 Wudglqj
r￿ wkh frvwv dqg ehqh￿wv ri pdqdjhuldo glvfuhwlrq/ zh ghulyh d xqltxh rswlpdo rzq0
huvkls frqfhqwudwlrq1 Wkh sdshu dovr hvwdeolvkhv d olqn ehwzhhq ￿up jurzwk dqg
rzqhuvkls vwuxfwxuh/ lpso|lqj wkdw ￿upv zlwk frqfhqwudwhg rzqhuvkls pd| iruhjr
sur￿wdeoh lqyhvwphqw rssruwxqlwlhv hyhq li wkhuh lv qr fuhglw udwlrqlqj1 Pruhryhu/
wkh sdshu glvfxvvhv wkh h{whqw wr zklfk djhqf| sureohpv ehwzhhq vkduhkroghuv dqg
ghewkroghuv fdq eh doohyldwhg e| ghohjdwlqj frqwuro wr ghewkroghuv1
￿Zh wkdqn Mxoldq Iudqnv/ Pduwlq Khoozlj/ Fkulvwldq Odx{/ dqg vhplqdu sduwlflsdqwv dw wkh Xql0
yhuvlw| ri Pdqqkhlp iru khosixo frpphqwv1 Ilqdqfldo vxssruw iurp Ghxwvfkh Iruvfkxqjvjhphlqvfkdiw/
Vrqghuiruvfkxqjvehuhlfk 837/ lv judwhixoo| dfnqrzohgjhg1
|Vrqghuiruvfkxqjvehuhlfk 837/ Xqlyhuvlw| ri Pdqqkhlp/ O 46/ 48/ 9;464 Pdqqkhlp/ Jhupdq|1
Hpdlo= lqghuvwCvie8371xql0pdqqkhlp1gh1
}Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Pdqqkhlp/ D8/ 9;464 Pdqqkhlp/ Jhupdq|1 Hpdlo=
kpxhoohuCsrro1xql0pdqqkhlp1gh1 XUO= kwws=22zzz1yzo1xql0pdqqkhlp1gh2ohkuvw2khoozlj2krojhu1
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Lq uhfhqw |hduv/ d frqvlghudeoh sduw ri wkh frusrudwh qdqfh olwhudwxuh kdv ehhq frqfhuqhg
zlwk wkh uroh ri fdslwdo vwuxfwxuh lq glvflsolqlqj pdqdjhphqw14 Zkloh wkh irfxv ri hduolhu
duwlfohv lv pdlqo| rq ghew +Jurvvpdq dqg Kduw 4<;5> Mhqvhq 4<;9,/ Ghzdwulsrqw dqg
Wluroh +4<<7,/ lq d pruh uhfhqw duwlfoh/ hpskdvl}h wkh gxdo uroh ri ghew dqg +rxwvlgh,
htxlw| lq surylglqj d up*v pdqdjhu zlwk lqfhqwlyhv1 Lq wkhlu prgho/ htxlw|kroghuv
fdqqrw frpplw wr oltxlgdwh wkh up li wkh pdqdjhu kdv vklunhg/ wkhuhe| zhdnhqlqj
lqfhqwlyhv h{ dqwh1 E| frqwudvw/ ghewkroghuv/ rq dffrxqw ri wkhlu frqfdyh sd|r ixqfwlrq/
fdq frpplw wr vxfk dfwlrq dv oltxlgdwlrq phdqv uhsodflqj +ulvn|, dvvhwv zlwk fdvk1 Lq
dq rswlpdo fdslwdo vwuxfwxuh/ vrph htxlw| lv qhfhvvdu| wkrxjk wr uhqghu wkh ghewkroghu*v
sd|r ixqfwlrq vx!flhqwo| frqfdyh1 Wkxv/ lw lv wkh fr0h{lvwhqfh ri ghew dqg htxlw| wkdw
plwljdwhv lqh!flhqflhv dulvlqj iurp pdqdjhuldo glvfuhwlrq1
Lq wklv sdshu/ zh wdnh wkh rssrvlwh ylhzsrlqw dqg orrn dw wkh uroh ri pdqdjhuldo
glvfuhwlrq lq fxuelqj lqh!flhqflhv dulvlqj iurp wkh fr0h{lvwhqfh ri ghew dqg htxlw|1 Dv
lv zhoo nqrzq +Mhqvhq dqg Phfnolqj 4<:9> Khoozlj 4<<7,/ vkduhkroghuv ri d ohyhuhg up
pd| hqjdjh lq h{fhvvlyh ulvn0wdnlqj gxh wr wkh frqyh{ qdwxuh ri wkhlu sd|r ixqfwlrq1 Li
rzqhuvkls dqg frqwuro duh vhsdudwhg/ krzhyhu/ wkh h{whqw wr zklfk wklv ulvn0vkliwlqj rf0
fxuv ghshqgv rq wkh pdqdjhu*v suhihuhqfhv uhjduglqj surmhfw fkrlfh1 Li wkhvh suhihuhqfhv
duh qrw frpsohwho| doljqhg zlwk wkrvh ri wkh vkduhkroghuv +zklfk lv zkdw zh dvvxph,/
ohdylqj wkh pdqdjhu zlwk glvfuhwlrq pd| uhgxfh wkh djhqf| frvw ri ghew15 Jlyhq wklv
vlwxdwlrq/ vkduhkroghuv idfh d wlph frqvlvwhqf| sureohp1 H{ dqwh/ wkh vkduhkroghuv zrxog
olnh wr frpplw qrw wr lqwhuihuh zlwk wkh pdqdjhu*v surmhfw fkrlfh1 H{ srvw wkrxjk/ l1h1
diwhu wkh ghew lv lq sodfh/ wkh| kdyh d fohdu lqfhqwlyh wr ryhuuxoh wkh pdqdjhu*v ghflvlrq
dqg jdpeoh zlwk wkh ghewkroghuv* prqh|1 Wkh pdlq irfxv ri wklv sdshu lv rq wkh h{0
whqw wr zklfk d up*v rzqhuvkls vwuxfwxuh pd| vhuyh dv d frpplwphqw ghylfh iru wkh
vkduhkroghuv wr nhhs rxw ri wkh up*v surmhfw ghflvlrqv/ wkhuhe| doohyldwlqj wkh djhqf|
frq lfw ehwzhhq vkduhkroghuv dqg ghewkroghuv1
Lq rxu prgho/ ohdylqj wkh pdqdjhu zlwk glvfuhwlrq frphv zlwk erwk ehqhwv dqg frvwv1
Lq sduwlfxodu/ zh dvvxph wkdw li vkduhkroghuv uhpdlq sdvvlyh/ wkh pdqdjhu glyhuwv sduw ri
wkh surmhfw*v uhwxuq/ zklfk pd| eh frqyhqlhqwo| wkrxjkw ri dv rq0wkh0mre frqvxpswlrq1
Wudglqj r wkh frvwv dqg ehqhwv ri pdqdjhuldo glvfuhwlrq/ zh ghulyh d xqltxh rswlpdo
rzqhuvkls vwuxfwxuh1 Uhfhqwo|/ rswlpdo rzqhuvkls vwuxfwxuhv kdyh dovr ehhq ghulyhg e|
4Iru vxuyh|v/ vhh Kduulv dqg Udyly +4<<4,/ Doohq dqg Zlqwrq +4<<8,/ dqg Vkohlihu dqg Ylvkq| +4<<:,1
5D vlplodu srlqw lv pdgh e| Kluvkohlihu dqg Wkdnru +4<<5,1 Lq wkhlu prgho/ rzqhuvkls frqfhqwudwlrq/
zklfk lv dw wkh khduw ri rxu sdshu/ sod|v qr uroh wkrxjk1 Lq wkh Mhqvhq0Phfnolqj vhwwlqj/ pdqdjhuldo
suhihuhqfhv uhjduglqj surmhfw fkrlfh duh frpsohwho| doljqhg zlwk wkrvh ri rxwvlgh vkduhkroghuv dv wkh
pdqdjhu rzqv +dw ohdvw, sduw ri wkh ￿up klpvhoi1
5Vwxo} +4<;;,/ Exunduw/ Jurpe/ dqg Sdqxq}l +4<<:,/ dqg Sdjdqr dqg Uùhoo +4<<;,1 Lq
Vwxo}*v prgho/ wkh kljkhu wkh iudfwlrq ri wkh up*v htxlw| +dqg khqfh yrwhv, frqwuroohg
e| pdqdjhphqw/ wkh juhdwhu wkh suhplxp srwhqwldo dftxluhuv pxvw rhu wr jdlq frqwuro
ri wkh up/ exw dovr wkh orzhu wkh suredelolw| wkdw d krvwloh elg rffxuv1 Dv pdqdjhuldo
frqwuro ri yrwlqj uljkwv ulvhv/ up ydoxh lqlwldoo| lqfuhdvhv/ exw wkhq idoov/ lpso|lqj wkdw
wkhuh h{lvwv dq rswlpdo rzqhuvkls vwuxfwxuh zkhuh pdqdjhphqw krogv d srvlwlyh iudfwlrq
ri wkh up*v htxlw|1 Pruh uhodwhg wr rxu sdshu lv wkh zrun e| Exunduw/ Jurpe/ dqg
Sdqxq}l1 Wr rxu nqrzohgjh/ wkh| duh wkh uvw wr vkrz wkdw glvshuvhg vkduh rzqhuvkls
pd| vhuyh dv d frpplwphqw iru wkh up*v vkduhkroghuv wr nhhs rxw ri wkh up16 Xqolnh
rxu sdshu/ krzhyhu/ wklv frpplwphqw lv qrw ylv0ä0ylv d wklug sduw| +h1j1 ghewkroghuv,/
exw ylv0ä0ylv wkh pdqdjhu klpvhoi/ zkrvh up0vshflf lqyhvwphqw lv srvlwlyho| uhodwhg
wr wkh ghjuhh ri glvfuhwlrq kh hqmr|v1 Wkh frvw ri pdqdjhuldo glvfuhwlrq lq wkh Exunduw/
Jurpe/ dqg Sdqxq}l prgho lv wkdw wkh pdqdjhu*v dqg vkduhkroghuv* suhihuhqfhv uhjduglqj
surmhfw fkrlfh duh qrw shuihfwo| frqjuxhqw1 E| frqwudvw/ wklv odfn ri frqjuxhqfh lv h{dfwo|
zkdw frqvwlwxwhv wkh ehqhw ri pdqdjhuldo glvfuhwlrq lq rxu prgho1 Ilqdoo|/ Sdjdqr dqg
Uùhoo wdnh wkh ylhzsrlqw ri dq lqlwldo rzqhu0pdqdjhu zkr zdqwv wr jr sxeolf exw uhpdlq
pdqdjhu ri wkh up1 Wkh fux{ lv wkdw wkh rzqhu dqg pdqdjhu0wr0eh h{wudfwv sulydwh
ehqhwv ri frqwuro/ zklfk lv sduwldoo| lqh!flhqw dv lw lqyroyhv d ghdgzhljkw orvv1 Iurp wkh
vkduhkroghuv* shuvshfwlyh wkrxjk/ wkh lqh!flhqf| lv juhdwhu wkdq iurp wkh shuvshfwlyh
ri wkh lqlwldo rzqhu vlqfh ehqhwv duh sxuho| sulydwh1 Qrw wdnlqj wklv h{whuqdolw| lqwr
dffrxqw/ vkduhkroghuv prqlwru wrr pxfk1 Wr olplw wklv lqh!flhqf|/ wkh rswlpdo rzqhuvkls
frqfhqwudwlrq h{klelwv vrph ghjuhh ri glvshuvlrq1
Lq sudfwlfh/ wkh rzqhuvkls frqfhqwudwlrq ri upv pd| qrw fruuhvsrqg wr wkh rswlpdo
rzqhuvkls frqfhqwudwlrq ghulyhg lq wklv sdshu1 Lq sduwlfxodu/ +vwrfn pdunhw, oltxlglw|
dqg glyhuvlfdwlrq prwlyhv pd| qhfhvvlwdwh wkdw vkduh rzqhuvkls lv zlgho| glvshuvhg/
lpso|lqj wkdw wkhuh pd| eh wrr olwwoh lqwhuyhqwlrq ru prqlwrulqj frpsduhg wr wkh rswlpdo
ohyho17 Lq wklv fdvh/ zh vkrz wkdw prqlwrulqj lqfhqwlyhv fdq dowhuqdwlyho| eh surylghg
e| lqfuhdvlqj wkh up*v ghew1 Lqwxlwlyho|/ dq lqfuhdvh lq ohyhudjh lqfuhdvhv wkh srvvleoh
jdlqv iurp ulvn0wdnlqj/ wkxv surylglqj vkduhkroghuv zlwk juhdwhu lqfhqwlyhv wr lqwhuyhqh
dqg lpsohphqw wkhlu suhihuuhg surmhfw fkrlfh1 Dowkrxjk wklv hqwdlov dq lqfuhdvh lq wkh
djhqf| frvwv ri ghew/ wkh lqfuhdvh lv pruh wkdq rvhw e| wkh uhgxfwlrq lq pdqdjhuldo
rq0wkh0mre frqvxpswlrq lqgxfhg e| wkh dgglwlrqdo prqlwrulqj1
E| doorzlqj upv wr fkrrvh ehwzhhq vpdoo/ lqwhuqdoo| qdqfhg surmhfwv dqg odujh/
ghew0qdqfhg surmhfwv/ zh vkrz wkdw xqghu fhuwdlq frqglwlrqv/ upv zlwk d kljk rzq0
6Rq wklv srlqw/ vhh dovr Dfhprjox +4<<8, dqg P|huv +4<<9,1
7Vhh Ghpvhw} dqg Ohkq +4<;8, uhjduglqj ulvn glyhuvl￿fdwlrq/ dqg Kropvwuøp dqg Wluroh +4<<6, dqg
Erowrq dqg yrq Wkdgghq +4<<;, uhjduglqj vwrfn pdunhw oltxlglw|1
6huvkls frqfhqwudwlrq pd| yroxqwdulo| fkrrvh vpdoohu/ doehlw ohvv surwdeoh surmhfwv wr
dyrlg h{fhvvlyho| kljk djhqf| frvw ri ghew1 Dffruglqjo|/ wkh lqdelolw| ri upv zlwk
frqfhqwudwhg rzqhuvkls wr frpplw qrw wr hqjdjh lq ulvn0wdnlqj pd|/ dv dq h{wuhph frq0
vhtxhqfh/ ohdg wr d ghfolqh ri h{whuqdo +pruh suhflvho|= ghew, qdqfh1 Wklv lv frqvlvwhqw
zlwk hpslulfdo hylghqfh vkrzlqj wkdw upv frqwuroohg e| d odujh/ vlqjoh rzqhu ru idplo|
duh pruh qdqfldoo| frqvwudlqhg wkdq pdqdjhu0frqwuroohg upv1
D vwudljkwiruzdug zd| wr frpplw qrw wr xvh frqwuro uljkwv wr wkh ghwulphqw ri d
ghewkroghu lv wr ghohjdwh wkhvh uljkwv wr wkh ghewkroghu1 Ghohjdwlrq ri frqwuro uljkwv
wr edqnv yld sur{| yrwhv lv frpprq sudfwlfh lq Jhupdq| dqg d ihz rwkhu Hxurshdq
frxqwulhv1 Dv wkh ghewkroghu lv pdlqo| lqwhuhvwhg lq vhfxulqj uhsd|phqw ri klv ordq
wkrxjk/ wkh ghohjdwlrq pd| uhvxow lq dq ryhuo| vdih surmhfw fkrlfh1 Ehvlghv/ lw lv xqfohdu
wr zkdw h{whqw wkh ghewkroghu kdv dq lqwhuhvw lq frqvwudlqlqj pdqdjhuldo rq0wkh0mre
frqvxpswlrq1 Exw hyhq li wkh ehqhwv iurp ghohjdwlrq rxwzhljk wkh frvwv/ ghohjdwlrq
ri frqwuro uljkwv pd| qrw eh d uhohydqw dowhuqdwlyh dv wkh vkduhkroghuv kdyh d qdwxudo
lqfhqwlyh wr uhyrnh wkhlu ghflvlrq rqfh wkh ghew lv lq sodfh18 Dv lv vkrzq/ wkh h{whqw
wr zklfk vkduhkroghuv fdq frpplw wr uhyrnh wkhlu ghflvlrq ghshqgv fulwlfdoo| rq wkh
xqghuo|lqj rzqhuvkls frqfhqwudwlrq1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghulyhv dq rswlpdo rzqhuvkls
vwuxfwxuh edvhg rq wkh wudghr ehwzhhq h{fhvvlyh ulvn0wdnlqj dqg frqvwudlqlqj pdqdjh0
uldo ehkdylru1 Vhfwlrq 6 vkrzv wkdw rxu uhvxowv duh urexvw zlwk uhvshfw wr uhwudglqj dqg
doorzlqj wkh vkduhkroghuv* surmhfw fkrlfh wr ghshqg rq wkh lqwhuhvw udwh +fi1 Vwljolw}
dqg Zhlvv +4<;4,,1 Vhfwlrq 7 glvfxvvhv wkh h{whqw wr zklfk rzqhuvkls frqfhqwudwlrq dqg
ohyhudjh duh vxevwlwxwhv lq surylglqj vkduhkroghuv zlwk prqlwrulqj lqfhqwlyhv1 Wkh fkrlfh
ehwzhhq vpdoo/ lqwhuqdoo| qdqfhg surmhfwv dqg odujh/ ghew0qdqfhg surmhfwv lv dqdo|}hg
lq Vhfwlrq 81 Vhfwlrq 9 glvfxvvhv wkh frvwv dqg ehqhwv ri ghohjdwlqj frqwuro uljkwv wr
ghewkroghuv dqg ghulyhv frqglwlrqv xqghu zklfk wkh ghohjdwlrq lv fuhgleoh1 Vhfwlrq :
frqfoxghv1 Doo surriv duh surylghg lq wkh Dsshqgl{1
5 Wkh Frvwv dqg Ehqhwv ri Pdqdjhuldo Glvfuhwlrq
514 Wkh Prgho
Frqvlghu d up zlwk d pdqdjhu dqg d odujh vkduhkroghu kroglqj d iudfwlrq k ri wkh up*v
vkduhv1 Wkh uhpdlqlqj iudfwlrq E  k lv zlgho| khog1 Doo djhqwv duh ulvn qhxwudo1
8Lq prvw frxqwulhv zkhuh edqnv pd| h{huflvh yrwhv rq ehkdoi ri vkduhkroghuv/ wkh vkduhkroghuv pd|
uhyrnh wkh sur{| dw dq| wlph1 Iru dq ryhuylhz ri wkh ohjdo uxohv jryhuqlqj sur{| yrwlqj lq wkh Hxurshdq
Xqlrq/ vhh Edxpv +4<<;,1
7Lqyhvwphqw Rssruwxqlw|
Wkh up idfhv d surwdeoh lqyhvwphqw rssruwxqlw| zklfk uhtxluhv fdslwdo lqsxw U
Wkh up*v oltxlg ixqgv duh u	U czklfk lpsolhv wkdw lw pxvw eruurz ( ' U  u wr
sxuvxh wkh lqyhvwphqw rssruwxqlw|19 Zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw wkh
lqwhuhvw udwh 4 lv fkrvhq iurp d vx!flhqwo| odujh lqwhuydo dfc4o Wkh surmhfw*v sd|r lv f
zlwk suredelolw|   Z dqg -EZ :Uzlwk suredelolw| Zc zkhuh Z 5 dZcZoc dqg zkhuh
-EZ lv vwulfwo| ghfuhdvlqj lq Z1 Khqfh/ wkhuh lv d wudghr ehwzhhq vdih surmhfwv +l1h1
wkrvh kdylqj d kljk suredelolw| ri hduqlqj d srvlwlyh uhwxuq, dqg surmhfwv wkdw hduq d
kljk uhwxuq lq wkh jrrg vwdwh1 Wkh h{shfwhg uhwxuq Z-EZ lv dvvxphg wr eh vwulfwo|
frqfdyh zlwk d xqltxh lqwhulru pd{lpxp uhdol}hg dw Z ' Z8￿/ zklfk lpsolhv wkdw qhlwkhu
wkh vdihvw surmhfw qru wkh ulvnlhvw surmhfw lv wkh prvw surwdeoh rqh lq h{shfwhg whupv1
Pdqdjhuldo Rq0wkh0Mre Frqvxpswlrq
Wkh pdqdjhu fdq glyhuw d iudfwlrq K ri wkh surmhfw*v sd|r/ zklfk fdq eh frqyhqlhqwo|
wkrxjkw ri dv wkh xvh ri fdvk dqg frusrudwh dvvhwv iru wkh pdqdjhu*v sulydwh sohdvxuh/
vxfk dv wkh pdlqwhqdqfh ri h{txlvlwh frpsdq| uhvruwv ru wkh qdqflqj ri h{shqvlyh
exvlqhvv wulsv1 Lq vslwh ri wkh pdqdjhu*v frqvxpswlrq/ krzhyhu/ doo surmhfwv kdyh d
vwulfwo| srvlwlyh qhw suhvhqw ydoxh/ l1h1 Z-EZEK  U iru doo Z Ixuwkhupruh/ rq0
wkh0mre frqvxpswlrq lv vx!flhqwo| orz wr hqvxuh wkdw wkh fuhglw soxv lqwhuhvw fdq dozd|v
eh uhsdlg lq wkh jrrg vwdwh1 Irupdoo|/ K pxvw eh vx!flhqwo| vpdoo wr hqvxuh wkdw
-EZEK : E n 4( iru doo Z 5 dZcZo dqg 4 5 dfc4o Dprqj rwkhu wklqjv/ wklv
lpsolhv wkdw vkduhkroghuv duh qhyhu lqglhuhqw ehwzhhq wzr surmhfwv phuho| ehfdxvh
wkh| jhw d sd|r ri }hur xqghu hdfk surmhfw1
Prqlwrulqj Whfkqrorj|
Lq olqh zlwk vrph ri wkh uhfhqw olwhudwxuh/ zh glvwlqjxlvk ehwzhhq irupdo dqg uh0
do frqwuro +Djklrq dqg Wluroh 4<<:> Exunduw/ Jurpe/ dqg Sdqxq}l 4<<:,1 Zkloh htxlw|
rzqhuvkls frphv zlwk frqwuro uljkwv/ wkhvh uljkwv duh ri qr ydoxh xqohvv wkh kroghu df0
txluhv lqirupdwlrq wr xvh wkhp hhfwlyho|1 Lqvridu dv frqwuro uljkwv vhuyh wr frqvwudlq
pdqdjhuldo ehkdylru/ zh uhihu wr wkh dftxlvlwlrq ri lqirupdwlrq dv prqlwrulqj1 Vlqfh
prqlwrulqj lv frvwo|/ zh fdq uhdvrqdeo| dvvxph wkdw rqo| wkh odujh vkduhkroghu prql0
wruv1 Irupdoo|/ wkh odujh vkduhkroghu fkrrvhv d ydoxh 6 5 dfcoc zklfk uhsuhvhqwv wkh
suredelolw| wkdw prqlwrulqj lv vxffhvvixo1 Wkh prqlwrulqj frvw ixqfwlrq SE6 lv vwulfwo|
9Zh devwudfw iurp wkh srvvlelolw| ri ￿qdqflqj wkh lqyhvwphqw zlwk qhz htxlw| e| dvvxplqj wkdw wkh
frvwv ri frqgxfwlqj dq htxlw| r￿hulqj duh wrr kljk frpsduhg wr wkh h{shfwhg uhwxuq iurp wkh lqyhvwphqw1
Dgglwlrqdoo|/ ghew ￿qdqflqj hqwdlov frqvlghudeoh wd{ ehqh￿wv1 Gxh wr wkhvh +dqg pdq| rwkhu, uhdvrqv/
htxlw| lvvxhv sod| d qhjoljleoh uroh lq wkh ￿qdqflqj ri qhz lqyhvwphqwv hpslulfdoo| +Pd|hu 4<<3> Fruehww
dqg Mhqnlqvrq 4<<:> Kdfnhwkdo 4<<<,1
8lqfuhdvlqj dqg vwulfwo| frqyh{ zlwk SEf ' fcS ￿Ef ' fcS ￿￿￿ E 	 fc dqg *46<￿ S￿ E'gc
zkhuh g lv vx!flhqwo| odujh1 Li wkh odujh vkduhkroghu*v prqlwrulqj hruw lv vxffhvvixo/ zh
vd| wkdw kh lv lq frqwuro1 Lq wkh suhvhqw frqwh{w/ frqwuro phdqv wzr wklqjv= l, wkh odujh
vkduhkroghu fdq suhyhqw pdqdjhuldo rq0wkh0mre frqvxpswlrq/ dqg ll, wkh odujh vkduh0
kroghu lv vx!flhqwo| lqiruphg derxw wkh srvvleoh surmhfwv wr pdnh d phdqlqjixo fkrlfh1
Irupdoo|/ li wkh odujh vkduhkroghu kdv frqwuro/ zh dvvxph wkdw K lv }hur dqg doorz wkh
odujh vkduhkroghu wr fkrrvh d surmhfw Z iurp wkh lqwhuydo dZcZo Li wkh odujh vkduhkroghu*v
prqlwrulqj hruw lv xqvxffhvvixo/ wkh pdqdjhu lv lq frqwuro1 Lq wklv fdvh/ wkh pdqdjhu
fkrrvhv d surmhfw dqg glyhuwv d iudfwlrq K:fri wkh surmhfw*v uhwxuq1:c;
Vhtxhqfh ri Hyhqwv
Wkh wlplqj lv dv iroorzv1 Dw gdwh 4/ wkh pdqdjhu eruurzv dq dprxqw ( dw lqwhuhvw
udwh 4 rq ehkdoi ri wkh up1 Fuhglw pdunhwv duh shuihfwo| frpshwlwlyh/ zklfk lpsolhv
wkdw wkh pdqdjhu pdnhv d wdnh0lw0ru0ohdyh0lw rhu zklfk wkh fuhglwru fdq hlwkhu dffhsw
ru uhmhfw1 Vxevhtxhqwo|/ wkh dprxqw U ' un( lv vxqn1 Dw gdwh 5/ wkh odujh vkduhkroghu
fkrrvhv d prqlwrulqj ohyho 6c zklfk ghwhuplqhv wkh suredelolw| zlwk zklfk prqlwrulqj
lv vxffhvvixo1 Li prqlwrulqj lv vxffhvvixo/ wkh odujh vkduhkroghu kdv frqwuro> rwkhuzlvh
wkh pdqdjhu kdv frqwuro1 Dw gdwh 6/ zkrhyhu lv lq frqwuro vhohfwv d surmhfw yduldqw Z
Pruhryhu/ li wkh pdqdjhu lv lq frqwuro/ kh dovr glyhuwv d iudfwlrq K ri wkh surmhfw*v uhwxuq1
Vxevhtxhqwo|/ wkh up lv oltxlgdwhg1 Dv xvxdo/ wkh jdph lv vroyhg edfnzdugv1
515 Surmhfw Fkrlfh/ Prqlwrulqj/ dqg Fuhglw Ghflvlrq
Gdwh 6= Surmhfw Fkrlfh
Vxssrvh uvw wkh pdqdjhu lv lq frqwuro1 Kh vroyhv
4@ 
Z Z-EZKc
zklfk kdv d xqltxh lqwhulru vroxwlrq ZW
￿ ' Z8￿Wkxv/ vhoi0lqwhuhvwhg pdqdjhuldo ehkdylru
:Lq sulqflsoh/ wkh odujh vkduhkroghu fdq vhohfw d surmhfw hyhq li kh lv xqlqiruphg/ h1j1 e| slfnlqj
rqh dw udqgrp1 Wklv fdq eh frqyhqlhqwo| uxohg rxw e| hqodujlqj wkh udqjh ri surmhfw sd|r￿v wr lqfoxgh
vx!flhqwo| orz ydoxhv U?U+ ￿ ,=Wkh ixqfwlrq U+￿, wkhq phuho| uhsuhvhqwv wkh ￿h!flhqw iurqwlhu￿1 Dv
wkh pdqdjhu dozd|v vhohfwv d sd|r￿ iurp wkh h!flhqw iurqwlhu/ lw lv vwulfwo| rswlpdo iru dq xqlqiruphg
vkduhkroghu wr ￿uxeehuvwdps￿ wkh pdqdjhu*v ghflvlrq +Djklrq dqg Wluroh 4<<:,1
;Wr irfxv rq wkh uroh ri prqlwrulqj lq frqvwudlqlqj pdqdjhuldo ehkdylru/ zh dvvxph wkdw pdqdjhuldo
rq0wkh0mre frqvxpswlrq dqg surmhfw fkrlfh duh qrw revhuydeoh xqohvv prqlwrulqj e| wkh odujh vkduhkroghu
lv vxffhvvixo/ lq zklfk fdvh kh fdq glfwdwh wkh pdqdjhu zkdw +qrw, wr gr1 Wr uxoh rxw lqfhqwlyh frqwudfwv
edvhg rq surmhfw sd|r￿v/ zh dvvxph wkdw wkh pdqdjhu kdv vx!flhqw ohhzd| wr pdqlsxodwh dffrxqwlqj
yduldeohv dqg errn uhwxuqv1
9qhhg qrw qhfhvvdulo| uhvxow lq doorfdwlyh glvwruwlrqv uhjduglqj surmhfw fkrlfh1< Qh{w/
vxssrvh wkh odujh vkduhkroghu lv lq frqwuro1 Kh vroyhv
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Uhfdoo wkdw -EZ : E n 4( Wkh iroorzlqj dvvxpswlrq hqvxuhv wkdw wkh odujh vkduh0






Vhfwlrq 614 h{dplqhv wkh rssrvlwh fdvh zkhuh wkh odujh vkduhkroghu*v sureohp kdv
dq lqwhulru vroxwlrq1 Dv lv vkrzq/ wkh rswlpdo surmhfw fkrlfh ZW
7 wkhq ghshqgv rq wkh
xqghuo|lqj lqwhuhvw udwh1 Rwkhu wkdq wkdw/ krzhyhu/ Dvvxpswlrq 4 kdv qr hhfw rq rxu
uhvxowv1 Vlqfh Z-EZ 	Z 8￿-EZ 8￿cwkh surmhfw fkrvhq e| wkh odujh vkduhkroghu lv lqhi0
flhqw1 Khqfh/ ohyhudjh gulyhv d zhgjh ehwzhhq wkh h{ dqwh dqg h{ srvw rswlpdo surmhfw
fkrlfh +Mhqvhq dqg Phfnolqj 4<:9,1 Dprqj rwkhu wklqjv/ wklv lpsolhv wkdw doorzlqj wkh
pdqdjhu wr kdyh glvfuhwlrq ryhu wkh fkrlfh ri surmhfw pd| eh ri ydoxh1
Gdwh 5= Prqlwrulqj
Jlyhq wkh rswlpdo ghflvlrqv dw gdwh 6/ wkh odujh vkduhkroghu vroyhv
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{'Zd -E Z E n 4(o  Z8￿d-EZ 8￿EKE n 4(o
E| uhyhdohg suhihuhqfh/ { : f Khqfh/ wkh odujh vkduhkroghu prqlwruv pruh wkh juhdwhu
klv vkduh ri wkh up*v htxlw| +h{suhvvhg e| k,c wkh juhdwhu wkh h{ srvw jdlqv iurp ulvn0
wdnlqj +h{suhvvhg e| wkh ghew ohyho ( dqg wkh lqwhuhvw udwh 4,/ dqg wkh juhdwhu wkh
ehqhwv iurp uhgxflqj pdqdjhuldo rq0wkh0mre frqvxpswlrq +h{suhvvhg e| K,1
<Lq d vlplodu yhlq/ Vwhlq dqg Vfkduivwhlq +4<<:, qrwh wkdw ￿wkh FHR*v delolw| wr dssursuldwh sulydwh
ehqh￿wv vkrxog xowlpdwho| eh urxjko| lq olqh zlwk wkh ydoxh ri wkh hqwhusulvh dv d zkroh1 Wr sxw lw
vlpso|/ zkloh djhqf|0surqh FHRv pd| zdqw elj hpsluhv/ lw dovr vhhpv uhdvrqdeoh wkdw/ kroglqj vl}h
￿{hg/ wkh| zloo zdqw ydoxdeoh hpsluhv1￿ Iru rxu dujxphqw/ lw lv qrw fuxfldo wkdw wkh pdqdjhu idyruv
wkh prvw h!flhqw surmhfw1 Zkdw lv lpsruwdqw wkrxjk lv wkdw kh grhv qrw idyru wkh ulvnlhvw surmhfw ￿=
Dowhuqdwlyho|/ wklv frxog eh prwlydwhg e| dvvxplqj wkdw wkh pdqdjhu sxwv vrph zhljkw rq surwhfwlqj
klv ￿up0vshfl￿f kxpdq fdslwdo1
:Gdwh 4= Fuhglw Ghflvlrq
Dw gdwh 4/ wkh pdqdjhu rhuv wkh fuhglwru dq lqwhuhvw udwh 4 wkdw pd{lpl}hv klv
h{shfwhg ixwxuh rq0wkh0mre frqvxpswlrq1 Kh vroyhv
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vxemhfw wr wkh fuhglwru*v }hur surw frqvwudlqw
6
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Z 8￿E n 4(  ( +7,
Dv wkh rswlpdo prqlwrulqj ohyho lv vwulfwo| lqfuhdvlqj lq 4c wkh pdqdjhu fkrrvhv wkh vpdoo0
hvw lqwhuhvw udwh vdwlv|qj +7, wr surylgh wkh odujh vkduhkroghu zlwk dv olwwoh prqlwrulqj
lqfhqwlyhv dv srvvleoh143 Ghqrwh wklv lqwhuhvw udwh e| 4f Lqflghqwdoo|/ li wkh wdnh0lw0ru0
ohdyh0lw rhu zhuh pdgh e| wkh odujh vkduhkroghu +dvvxplqj k:f , /w k hf k r l f hr il q w h u h v w
udwh zrxog eh h{dfwo| wkh vdph/ doehlw iru d glhuhqw uhdvrq1 Wr vhh wklv/ ghqrwh wkh









Wkxv/ wkh odujh vkduhkroghu fduhv rqo| derxw wkh gluhfw hhfw ri wkh lqwhuhvw udwh rq wkh
ydoxh ri wkh up*v htxlw|/ zklfk lv ri frxuvh qhjdwlyh1
Wr vxppdul}h/ dw gdwh 4 wkh pdqdjhu rhuv 4 ' 4fc z k l f kl vw k ho r z h v wl q w h u h v wu d w h
vdwlvi|lqj wkh fuhglwru*v }hur surw frqvwudlqw +7,1 Dprqj rwkhu wklqjv/ wklv lpsolhv wkdw
+7, pxvw eh elqglqj1 Vxevhtxhqwo| wkh odujh vkduhkroghu fkrrvhv klv prqlwrulqj hruw
dffruglqj wr +5,/ zkhuh wkh rswlpdo prqlwrulqj ohyho 6W ghshqgv rq erwk 4f dqg k
Ilqdoo|/ li wkh odujh vkduhkroghu lv lq frqwuro/ kh vhohfwv ZW
7 ' Zc dqg li wkh pdqdjhu lv
lq frqwuro/ kh vhohfwv ZW
￿ ' Z8￿ dqg frqvxphv K-EZ8￿zlwk suredelolw| Z8￿ dqg }hur
zlwk suredelolw| Z8￿1 Zkloh vroylqj wkh jdph edfnzdugv/ zh kdyh klwkhuwr wdnhq wkh
rzqhuvkls vwuxfwxuh dv jlyhq1 Lq wkh iroorzlqj vhfwlrq/ zh h{solflwo| h{dplqh krz wkh
htxloleulxp fkrlfhv 6W dqg 4f ydu| zlwk wkh xqghuo|lqj rzqhuvkls frqfhqwudwlrq dqg
ghulyh/ dprqj rwkhu wklqjv/ lpsolfdwlrqv iru dq rswlpdo rzqhuvkls vwuxfwxuh1
516 Rswlpdo Rzqhuvkls Frqfhqwudwlrq
Ohdylqj wkh pdqdjhu zlwk glvfuhwlrq frphv zlwk erwk ehqhwv dqg frvwv1 Rq wkh rqh
kdqg/ pdqdjhuldo glvfuhwlrq lv ehqhfldo dv lw khosv wr uhgxfh wkh djhqf| frvwv ri ghew
fdxvhg e| wkh odujh vkduhkroghu*v lqdelolw| wr frpplw wr wkh h!flhqw surmhfw fkrlfh1 Lq d
43Wr eh suhflvh/ li ￿ @3 >wkh pdqdjhu lv lqgl￿huhqw zlwk uhvshfw wr klv fkrlfh ri ￿1 Lq wklv fdvh/ zh
dvvxph wkdw wkh pdqdjhu fkrrvhv wkh vpdoohvw ihdvleoh lqwhuhvw udwh1
;vhqvh/ wklv lv dq dssolfdwlrq ri wkh zhoo0nqrzq uhvxow wkdw lq wkh idfh ri d wlph frqvlvwhqf|
sureohp/ lw pd| eh rswlpdo wr kdqg ryhu frqwuro wr d sduw| zlwk frq lfwlqj lqwhuhvwv1
Rq wkh rwkhu kdqg/ pdqdjhuldo glvfuhwlrq frphv zlwk frvwv dv lw ohdgv wr vklunlqj dqg
rq0wkh0mre frqvxpswlrq1 Li wkh frvwv ri pdqdjhuldo glvfuhwlrq rxwzhljk wkh ehqhwv/
frpplwwlqj wr uhiudlq iurp prqlwrulqj pd| eh ghvludeoh iurp dq h{ dqwh srlqw ri ylhz1
Dv wkh suhfhhglqj dqdo|vlv kdv vkrzq/ wkh h{whqw wr zklfk vxfk frpplwphqw lv fuhgleoh
ghshqgv/ dprqj rwkhu wklqjv/ rq wkh xqghuo|lqj rzqhuvkls frqfhqwudwlrq1
Lq wkh oljkw ri wklv frpplwphqw sureohp/ zh qrz ghulyh wkh rswlpdo rzqhuvkls frq0
fhqwudwlrq wudglqj r wkh frvwv dqg ehqhwv ri pdqdjhuldo glvfuhwlrq1 Sulru wr grlqj
vr/ krzhyhu/ zh frqvlghu wkh fdvh zkhuh wkh odujh vkduhkroghu fdq frpplw wr fkrrvh klv
prqlwrulqj hruw h{ dqwh +l1h1 ehiruh wkh fuhglw lv dzdughg,1 Ghqh
/ ' Z8￿-EZ 8￿KdZ 8￿-EZ 8￿Z-EZo
dv d phdvxuh ri wkh uhodwlyh lpsruwdqfh ri wkh frvwv ri ulvn0vkliwlqj +orz /,d q gw k h
frvwv ri pdqdjhuldo rq0wkh0mre frqvxpswlrq +kljk /,1 Li prqlwrulqj +exw qrw surmhfw
fkrlfh, lv frqwudfwleoh dqg vlgh sd|phqwv ehwzhhq wkh vpdoo vkduhkroghuv dqg wkh odujh
vkduhkroghu duh srvvleoh +uvw0ehvw fdvh,/ wkh rswlpdo prqlwrulqj ohyho pd{lpl}hv wrwdo
vkduhkroghu zhdowk ghqhg e|
` ' .  SE6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zkhuh . ghqrwhv wkh +jurvv, ydoxh ri wkh up*v htxlw|/ dqg zkhuh wkh vhfrqg htxdolw|
iroorzv iurp lqvhuwlqj wkh fuhglwru*v }hur surw frqglwlrq +7,1 Fohduo|/ li /  fc l1h1
li ulvn0vkliwlqj lv pruh vhyhuh wkdq pdqdjhuldo rq0wkh0mre frqvxpswlrq/ wkh uvw0ehvw
prqlwrulqj ohyho lv }hur1 Rq wkh rwkhu kdqg/ li /:f cwkh uvw0ehvw prqlwrulqj ohyho lv
vwulfwo| srvlwlyh dqg ghqhg e|
/ ' S
￿ E68￿ +:,
Frqvlghu qrz wkh fdvh zkhuh prqlwrulqj lv qrw frqwudfwleoh exw zkhuh wkh odujh vkduh0
kroghu fdq frpplw wr fkrrvh klv prqlwrulqj hruw h{ dqwh +frpplwphqw fdvh,1 Jlyhq
wkdw kh pxvw ehdu wkh hqwluh prqlwrulqj frvw klpvhoi/ wkh odujh vkduhkroghu vroyhv
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E| lqvshfwlrq/ li /  fc wkh rswlpdo prqlwrulqj ohyho xqghu frpplwphqw fruuhvsrqgv
wr wkh uvw0ehvw prqlwrulqj ohyho1 Rq wkh rwkhu kdqg/ li /:f cwkh rswlpdo prqlwrulqj





Wklv surylghv xv zlwk wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 4= Vxssrvh wkh odujh vkduhkroghu fdq frpplw wr fkrrvh klv prqlwrulqj
hruw h{ dqwh1 Li /  fc dq| rzqhuvkls frqfhqwudwlrq lv rswlpdo1 Frqyhuvho|/ li /:f c
wkh xqltxh rswlpdo rzqhuvkls frqfhqwudwlrq lv 144
Wkxv/ li prqlwrulqj lv ehqhfldo +l1h1 li /:f ,/ wkh rswlpdo rzqhuvkls duudqjhphqw
xqghu frpplwphqw lv wr kdyh wkh odujh vkduhkroghu rzq wkh hqwluh up/ zklfk lpsolhv
wkdw kh ixoo| lqwhuqdol}hv wkh frvwv dqg ehqhwv iurp klv prqlwrulqj dfwlylw|1 Frqvlghu
qrz wkh ruljlqdo fdvh zkhuh wkh odujh vkduhkroghu fdqqrw frpplw wr fkrrvh klv prqlwrulqj
hruw h{ dqwh1 E| +5,/ wkh rswlpdo prqlwrulqj ohyho wkhq vdwlvhv
kd/ nd Z 8￿ ZoEn4 f(o'S
￿E 6
W
Li /:f cvhwwlqj k '|lhogv 6W :6 8￿c l1h1 wkhuh lv ryhuprqlwrulqj uhodwlyh wr wkh
uvw0ehvw prqlwrulqj ohyho1 Wr surylgh wkh odujh vkduhkroghu zlwk wkh uljkw prqlwrulqj
lqfhqwlyhv/ k pxvw wkhuhiruh eh vwulfwo| ohvv wkdq  Pruh suhflvho|/ k pxvw vdwlvi|
kd/ nd Z 8￿ZoEn4 f(o'/c
zkhuh wkh htxloleulxp lqwhuhvw udwh 4f lv d qrqwulyldo ixqfwlrq ri k +vhh ehorz,1
Sursrvlwlrq 5= Vxssrvh wkh odujh vkduhkroghu fdqqrw frpplw wr fkrrvh klv prq0
lwrulqj hruw h{ dqwh1 Li /  fc wkh xqltxh rswlpdo rzqhuvkls frqfhqwudwlrq lv f1L i
/:f cwkh xqltxh rswlpdo rzqhuvkls frqfhqwudwlrq olhv vwulfwo| ehwzhhq f dqg 
Wkh rswlpdo rzqhuvkls frqfhqwudwlrq lv ghulyhg iurp d v|vwhp ri htxdwlrqv wdnlqj
lqwr dffrxqw wkdw wkh rswlpdo prqlwrulqj ohyho 6W ghshqgv rq wkh htxloleulxp lqwhuhvw
udwh 4f yld +5,/ wkdw 4f ghshqgv rq 6W yld wkh fuhglwru*v }hur surw frqglwlrq +7,/ dqg
wkdw erwk yduldeohv lq wxuq ghshqg rq wkh xqghuo|lqj rzqhuvkls frqfhqwudwlrq1 Dv dq
looxvwudwlrq/ frqvlghu wkh hhfw ri d fkdqjh lq wkh xqghuo|lqj rzqhuvkls frqfhqwudwlrq














44E| dvvxpswlrq/ wkh ￿rswlpdo￿ rzqhuvkls frqfhqwudwlrq lv wkdw zklfk pd{lpl}hv wrwdo vkduhkroghu
zhdowk Z= Wkxv/ zh lpsolflwo| dgrsw wkh ylhzsrlqw ri dq lqlwldo rzqhu zkr zdqwv wr vhoo doo ru sduw ri






















Dffruglqj wr +;,/ k dhfwv wkh h{ srvw rswlpdo prqlwrulqj ohyho erwk gluhfwo| +d kljkhu
rzqhuvkls frqfhqwudwlrq lpsuryhv wkh odujh vkduhkroghu*v prqlwrulqj lqfhqwlyhv,/ dqg
lqgluhfwo| wkurxjk d ihhgedfn hhfw +pruh prqlwrulqj ohdgv wr pruh ulvn0vkliwlqj/ lp0
so|lqj wkdw wkh htxloleulxp lqwhuhvw udwh 4f pxvw ulvh iru wkh fuhglwru wr euhdn hyhq/
zklfk lq wxuq ohdgv wr pruh prqlwrulqj,1 Ryhudoo/ wkh hhfw ri k rq 6W lv srvlwlyh1 Dv
wkh Dsshqgl{ vkrzv/ wrwdo vkduhkroghu zhdowk ` lv txdvlfrqfdyh lq k dqg kdv d xqltxh
lqwhulru pd{lpxp kW 5 Efc Khqfh/ dq lqfuhdvh lq k lv ehqhfldo iru orz rzqhuvkls
frqfhqwudwlrqv dqg ghwulphqwdo iru kljk rzqhuvkls frqfhqwudwlrqv1
6 Lqwhulru Surmhfw Fkrlfh dqg Uhwudglqj
614 Lqwhulru Surmhfw Fkrlfh
Lq wkh suhfhhglqj vhfwlrq/ wkh odujh vkduhkroghu/ zkhq lq frqwuro/ dozd|v fkrrvhv wkh
fruqhu surmhfw Z uhjdugohvv ri wkh xqghuo|lqj lqwhuhvw udwh1 Irupdoo|/ wklv lv gxh wr
Dvvxpswlrq 4/ zklfk hqvxuhv wkdw wkh odujh vkduhkroghu*v remhfwlyh ixqfwlrq +4, lv vwulfwo|
ghfuhdvlqj ryhu wkh hqwluh udqjh dZcZo Wkh sxusrvh ri wklv vhfwlrq lv wr vkrz wkdw rxu
uhvxowv uhpdlq xqfkdqjhg li Dvvxpswlrq 4 lv uhod{hg1 Lq sduwlfxodu/ zh qrz h{dplqh wkh
rwkhu srodu fdvh zkhuh wkh odujh vkduhkroghu dozd|v fkrrvhv dq lqwhulru surmhfw Z:Z 
Iru wklv uhdvrq/ zh uhsodfh Dvvxpswlrq 4 zlwk wkh iroorzlqj dvvxpswlrq/ zklfk hqvxuhv




Z’Z :(E n 4c
Jlyhq Dvvxpswlrq 5/ wkh odujh vkduhkroghu*v sureohp ri fkrrvlqj dq rswlpdo surmhfw
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l1h1 d kljkhu lqwhuhvw udwh ohdgv wr d ulvnlhu surmhfw fkrlfh1 Dffruglqjo|/ doorzlqj wkh odujh
vkduhkroghu wr fkrrvh dq lqwhulru surmhfw h{dfhuedwhv wkh ulvn0vkliwlqj sureohp ehwzhhq
44wkh up*v vkduhkroghuv dqg wkh fuhglwru1 Qrw rqo| grhv d kljkhu lqwhuhvw udwh ohdg wr
pruh prqlwrulqj/ wkhuhe| lqfuhdvlqj wkh suredelolw| wkdw ulvn0vkliwlqj wdnhv sodfh1 D
kljkhu lqwhuhvw udwh qrz dovr lqfuhdvhv wkh +h{ dqwh, lqh!flhqf| fdxvhg e| ulvn0vkliwlqj
frqglwlrqdo xsrq wkh idfw wkdw ulvn0vkliwlqj wdnhv sodfh1 Lq wkh h{wuhph fdvh/ wklv pd|
lpso| wkdw wkhuh h{lvwv qr htxloleulxp lq zklfk wkh fuhglwru hduqv }hur surw/ wkhuhe|
ohdglqj wr fuhglw udwlrqlqj +Vwljolw} dqg Zhlvv 4<;4,1 Lq rxu prgho/ zh kdyh fduhixoo|
dyrlghg wklv sureohp e| dvvxplqj wkdw doo surmhfwv duh vx!flhqwo| surwdeoh1
Jrlqj wkurxjk wkh vdph vwhsv dv ehiruh/ rqh fdq ghulyh dq rswlpdo rzqhuvkls frq0
fhqwudwlrq zklfk wdnhv lqwr dffrxqw wkh frvwv dqg ehqhwv ri pdqdjhuldo glvfuhwlrq1 Wkh
dqdo|vlv lv wkh vdph dv lq Vhfwlrq 5/ h{fhsw wkdw wkh ghshqghqfh ri ZW
7 rq 4f lqwurgxfhv
dgglwlrqdo ihhgedfn hhfwv1 Iru lqvwdqfh/ wkh rswlpdo prqlwrulqj hruw 6W qrz ghshqgv
rq 4f erwk gluhfwo| dqg lqgluhfwo| +yld ZW
7,1 Olnhzlvh/ dq lqfuhdvh lq wkh htxloleulxp
lqwhuhvw udwh 4f ohdgv wr d ulvnlhu surmhfw fkrlfh/ zklfk lq wxuq udlvhv wkh htxloleulxp
lqwhuhvw udwh/ zklfk ohdgv wr dq hyhq ulvnlhu surmhfw fkrlfh/ dqg vr iruwk1 Ghqrwh e|
48￿ ' *Z8￿ 
wkh htxloleulxp lqwhuhvw udwh wkdw rewdlqv li k 'f cdqg ghqh
# E4'Z
W
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W
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Kc
zkhuh ZW
7 E4 lv wkh surmhfw fkrvhq e| wkh odujh vkduhkroghu li wkh xqghuo|lqj lqwhuhvw udwh
lv 4 Dqdorjrxv wr Sursrvlwlrq 5/ zh kdyh wkh iroorzlqj uhvxow1
Sursrvlwlrq 6= Vxssrvh lw lv rswlpdo iru wkh odujh vkduhkroghu wr vhohfw dq lqwhulru
surmhfw1 Li # E48￿fcwkh xqltxh rswlpdo rzqhuvkls frqfhqwudwlrq lv f1L i# E 4 8￿:fc
wkh xqltxh rswlpdo rzqhuvkls frqfhqwudwlrq olhv vwulfwo| ehwzhhq f dqg 
615 Uhwudglqj
Dv wkh odujh vkduhkroghu fdqqrw frpplw wr d sduwlfxodu prqlwrulqj ohyho/ kh pxvw eh
surylghg zlwk wkh uljkw lqfhqwlyhv wr prqlwru1 Dv zdv vkrzq lq Sursrvlwlrq 5/ wklv jlyhv
ulvh wr dq rswlpdo rzqhuvkls frqfhqwudwlrq wkdw lv vwulfwo| ohvv wkdq 1D i w h uw k hf u h g l wl v
vxqn/ prqlwrulqj lv sxuho| ehqhfldo wkrxjk/ lpso|lqj wkdw wkh vkduhkroghuv dv d zkroh
frxog eh pdgh ehwwhu r li vkduh rzqhuvkls zhuh pruh frqfhqwudwhg1 Lq idfw/ gxh wr wkh
sxeolf jrrg qdwxuh ri prqlwrulqj/ h{ srvw vkduhkroghu zhdowk lv pd{lplpl}hg li wkh odujh
vkduhkroghu rzqv wkh hqwluh up1 Khqfh/ wkh delolw| wr uhwudgh pd| eh ghwulphqwdo h{
dqwh dv lw ghvwur|v wkh frpplwphqw srzhu wkdw frphv zlwk glvshuvhg vkduh rzqhuvkls1
Dv wkh iroorzlqj sursrvlwlrq vkrzv/ krzhyhu/ uhwudglqj lv qrw d sureohp li wkh iudfwlrq
  k qrw rzqhg e| wkh odujh vkduhkroghu lv zlgho| glvshuvhg1
45Sursrvlwlrq 7= Wkh odujh vkduhkroghu kdv qr lqfhqwlyh wr dowhu klv vwdnh e| uhwudglqj
li doo lqyhvwruv nqrz wkh vl}h ri wkh wudghv dqg wkh lghqwlw| ri wkh wudghuv1
Wkh surri lv vwdqgdug dqg rplwwhg iru wkh vdnh ri euhylw|145 Wkh lghd lv edvhg
rq dq dujxphqw e| Jurvvpdq dqg Kduw +4<;3, wkdw zlgho| glvshuvhg +pruh suhflvho|=
dwrpohvv, vkduhkroghuv zloo uhixvh wr vhoo wkhlu vkduhv xqohvv wkh rhuhg sulfh uh hfwv wkh
ixoo srvwwudgh vkduh ydoxh1 Wr vhh wklv/ vxssrvh wkh rzqhuvkls frqfhqwudwlrq lv lqfuhdvhg
iurp/ vd|/ k wr k n B Gxh wr wkh iuhh0ulghu sureohp/ wkh odujh vkduhkroghu uhdol}hv qr
jdlqv rq wkh iudfwlrq ri wudghg vkduhv B1 Klv qhw jdlqv iurp wudglqj duh wkhuhiruh
k. E6
WEk n B  SE6
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zkhuh 6W Ek lv wkh odujh vkduhkroghu*v rswlpdo prqlwrulqj hruw li wkh xqghuo|lqj
rzqhuvkls frqfhqwudwlrq lv k E| uhyhdohg suhihuhqfh/ wklv h{suhvvlrq lv qhjdwlyh dv
k. E6  SE6 lv pd{lpl}hg dw 6W Ek Lq rwkhu zrugv/ wkh jdlq rq klv wrhkrog lv qrw
vx!flhqw wr frpshqvdwh wkh odujh vkduhkroghu iru wkh dgglwlrqdo prqlwrulqj frvwv1 E| d
vlplodu dujxphqw/ d ghfuhdvh lq k lv qrw surwdeoh hlwkhu1
7 Fdslwdo Vwuxfwxuh dqg Prqlwrulqj Lqfhqwlyhv
Iru ydulrxv uhdvrqv/ wkh rzqhuvkls frqfhqwudwlrq ri upv pd| qrw fruuhvsrqg wr wkh
rswlpdo ohyho ghulyhg lq Vhfwlrq 51 Iru lqvwdqfh/ wkh irxqglqj idplo| pd| zdqw wr uhwdlq
d kljkhu wkdq rswlpdo vwdnh wr hqvxuh wkdw wkh up frqwlqxhv wr eh uxq lq wkh lqwhuhvw
ri wkh irxqglqj idwkhu1 Frqyhuvho|/ wkh up*v dfwxdo rzqhuvkls frqfhqwudwlrq pd| eh
orzhu wkdq rswlpdo iru oltxlglw| ru glyhuvlfdwlrq uhdvrqv1 Lq wklv vhfwlrq/ zh vkrz wkdw
lq wkh odwwhu fdvh/ wkh up*v fdslwdo vwuxfwxuh pd| vhuyh dv dq dowhuqdwlyh lqvwuxphqw wr
surylgh wkh odujh vkduhkroghu zlwk wkh uljkw lqfhqwlyhv wr prqlwru1
Frqvlghu wkh iroorzlqj yduldqw ri rxu prgho1 Lqvwhdg ri eruurzlqj ( ' U  uc wkh
up fdq sd| rxw d glylghqg f  _  u dqg vlpxowdqhrxvo| eruurz UEu  _'(n _wr
qdqfh wkh lqyhvwphqw1 Djdlq/ zh dvvxph wkdw wkh lqyhvwphqw lv vx!flhqwo| surwdeoh
wr hqvxuh wkdw wkh fuhglw soxv lqwhuhvw/ zklfk qrz dprxqwv wr E( n _En4c fdq
dozd|v eh uhsdlg lq wkh jrrg vwdwh1 Wkh lqwxlwlrq zk| dq lqfuhdvh lq ohyhudjh pljkw
pdwwhu lv dv iroorzv1 Li wkh rzqhuvkls frqfhqwudwlrq lv ehorz wkh rswlpdo ohyho/ wkhuh
lv xqghuprqlwrulqj uhodwlyh wr wkh uvw0ehvw prqlwrulqj ohyho +:,1 Kroglqj hyhu|wklqj
hovh frqvwdqw/ dq lqfuhdvh lq ( lqfuhdvhv wkh odujh vkduhkroghu*v prqlwrulqj hruw dv lw
lqfuhdvhv wkh jdlqv iurp ulvn0wdnlqj h{suhvvhg e|
dZ8￿ ZoEn4(
45Iru d irupdo surri/ vhh/ h1j1/ Exunduw/ Jurpe/ dqg Sdqxq}l +4<<:,1
46Wkh sureohp lv wkdw wklv fhwhulv sdulexv dvvxpswlrq lv lqydolg gxh wr wkh lqwhughshq0
ghqfh ri wkh rswlpdo prqlwrulqj ohyho 6W dqg wkh htxloleulxp lqwhuhvw udwh 4f1 Iruwx0
qdwho| wkrxjk/ wkh dgglwlrqdo ihhgedfn hhfw yld 4f z r u n vl qw k hu l j k wg l u h f w l r q /l 1 h 1d q
lqfuhdvh lq prqlwrulqj lqgxfhg e| dq lqfuhdvh lq ohyhudjh udlvhv wkh htxloleulxp lqwhuhvw
udwh/ zklfk lq wxuq lqfuhdvhv wkh odujh vkduhkroghu*v prqlwrulqj hruw1 Wkh iroorzlqj
sursrvlwlrq irupdol}hv wkh deryh glvfxvvlrq1
Sursrvlwlrq 8= Dq lqfuhdvh lq ohyhudjh lqfuhdvhv wrwdo vkduhkroghu zhdowk li dqg
rqo| li wkh up*v rzqhuvkls frqfhqwudwlrq lv ehorz wkh rswlpdo ohyho1
Wkxv/ wr wkh h{whqw wkdw wkh rzqhuvkls frqfhqwudwlrq lv ehorz wkh rswlpdo ohyho/
ohyhudjh dqg rzqhuvkls frqfhqwudwlrq duh vxevwlwxwhv lq surylglqj prqlwrulqj lqfhqwlyhv1
Li/ krzhyhu/ wkh rzqhuvkls frqfhqwudwlrq lv kljkhu wkdq rswlpdo/ wkhuh lv ryhuprqlwrulqj
uhodwlyh wr wkh uvw0ehvw ohyho1 Lq wklv fdvh/ dq lqfuhdvh lq ohyhudjh zruvhqv wkh vlwxdwlrq
dv lw surylghv wkh odujh vkduhkroghu zlwk |hw hyhq vwurqjhu lqfhqwlyhv wr prqlwru1
8 Wkh Ghfolqh ri H{whuqdo Ilqdqfh
Dv wkh fuhglwru udwlrqdoo| dqwlflsdwhv wkh odujh vkduhkroghu*v surmhfw fkrlfh/ wkh djhqf|
frvwv ri ghew duh vroho| eruqh e| wkh up*v vkduhkroghuv1 Wkh glohppd/ ri frxuvh/ lv wkdw
wkh vkduhkroghuv fdqqrw dyrlg wkhvh frvwv dv wkh| idfh d wlph frqvlvwhqf| sureohp1 D
srvvlelolw| qrw |hw frqvlghuhg lv wr uhgxfh wkh djhqf| frvwv e| lqyhvwlqj lq d vfdohg0grzq
surmhfw wkdw uhtxluhv ohvv ru qr ghew qdqfh1 Lq sudfwlfh/ vxfk d srvvlelolw| lv riwhq
dydlodeoh1 Iru lqvwdqfh/ upv sxuvxlqj jurzwk wkurxjk dftxlvlwlrqv pd| kdyh wkh fkrlfh
ehwzhhq dftxlulqj vpdoohu ru odujhu frpsdqlhv1 Wr prgho wkh fkrlfh ehwzhhq surmhfwv
ri glhuhqw vl}hv/ zh dvvxph wkdw wkh up fdq hlwkhu eruurz ( d q gl q y h v wl qdo d u j h 0
vfdoh surmhfw uhtxlulqj fdslwdo lqsxw U ' un (c ru lqyhvw lq d vpdoo0vfdoh exw lqwhuqdoo|
qdqfhg surmhfw uhtxlulqj fdslwdo lqsxw   u Iru frqyhqlhqfh/ zh dvvxph wkdw wkh
odujh0vfdoh surmhfw lv d eorzq0xs yhuvlrq ri wkh vpdoo0vfdoh surmhfw zlwk wkh vdph udwh
ri uhwxuq  EZ lq wkh jrrg vwdwh1 H{shfwhg uhwxuqv iru wkh odujh0 dqg vpdoo0vfdoh
surmhfw duh wkhq Z-EZ'ZU E n  EZ dqg ZoEZ'ZE n  EZc uhvshfwlyho|1
Vxssrvh wkh up jrhv dkhdg zlwk wkh vpdoo0vfdoh surmhfw1 Dv wkhuh lv qr ghew djhqf|
sureohp/ wkh odujh vkduhkroghu/ zkhq lq frqwuro/ fkrrvhv wkh h!flhqw surmhfw Z8￿Qh{w/
frqvlghu wkh odujh vkduhkroghu*v fkrlfh ri prqlwrulqj hruw1 Kh vroyhv
4@ 
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47E| lqvshfwlrq/ wkh rswlpdo prqlwrulqj hruw xqghu wkh vpdoo0vfdoh surmhfw lv ohvv wkdq
xqghu wkh odujh0vfdoh surmhfw1 Lqwxlwlyho|/ wklv lv gxh wr wkh idfw wkdw ulvn0vkliwlqj lv h{
srvw ehqhfldo/ wkxv surylglqj dgglwlrqdo lqfhqwlyhv iru wkh odujh vkduhkroghu wr jdlq
frqwuro146 Wrwdo vkduhkroghu zhdowk xqghu wkh vpdoo0vfdoh surmhfw lv wkhq
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Ilqdoo|/ revhuyh wkdw lq wkh devhqfh ri ulvn0vkliwlqj/ prqlwrulqj lv sxuho| ehqhfldo iurp
wkh vkduhkroghuv* srlqw ri ylhz/ zklfk lpsolhv wkdw wkh rswlpdo rzqhuvkls duudqjhphqw
xqghu wkh vpdoo0vfdoh surmhfw lv wr kdyh wkh odujh vkduhkroghu rzq wkh hqwluh up1
Wkh frvwv dqg ehqhwv ri fkrrvlqj wkh vpdoo0vfdoh surmhfw duh dv iroorzv1 Vlqfh wkh
vpdoo0vfdoh surmhfw lv d vfdohg0grzq yhuvlrq ri wkh odujh0vfdoh surmhfw/ lqyhvwlqj lq wkh
iruphu phdqv iruhjrlqj h{shfwhg surwv1 Rq wkh rwkhu kdqg/ dv wkh vpdoo0vfdoh surmhfw
lv h{foxvlyho| qdqfhg zlwk lqwhuqdo ixqgv/ wkh djhqf| frvwv ri ghew duh }hur1 Pruhryhu/
prqlwrulqj xqghu wkh vpdoo0vfdoh surmhfw lv vwulfwo| orzhu wkdq xqghu wkh odujh0vfdoh
surmhfw/ zklfk pd| ru pd| qrw eh ehqhfldo/ ghshqglqj rq wkh uhodwlyh frvwv ri ulvn0
wdnlqj yhuvxv pdqdjhuldo rq0wkh0mre frqvxpswlrq1 Li wkh frvwv ri ulvn0wdnlqj duh orz
uhodwlyh wr wkrvh ri rq0wkh0mre frqvxpswlrq/ lpso|lqj wkdw prqlwrulqj lv ehqhfldo/ erwk
hhfwv +l1h1 wkh juhdwhu surw dqg wkh kljkhu ohyho ri prqlwrulqj xqghu wkh odujh0vfdoh
surmhfw, srlqw lq wkh gluhfwlrq ri idyrulqj wkh odujh0vfdoh surmhfw1 Wr h{foxgh wklv udwkhu
xqlqwhuhvwlqj fdvh/ zh dvvxph wkdw wkh frvwv ri ulvn0wdnlqj duh vx!flhqwo| kljk/ l1h1
/  f Iru hdvh ri h{srvlwlrq/ ghqrwh e| `. Ekc wrwdo vkduhkroghu zhdowk xqghu wkh
vpdoo0vfdoh surmhfw li wkh lqyhvwphqw ohyho lv /d q gg h  q hV'd ` .E kcu  ` Ekomk’￿1
Sursrvlwlrq 9= Vxssrvh /  f Zkhwkhu wrwdo vkduhkroghu zhdowk lv juhdwhu xqghu
wkh vpdoo0 ru odujh0vfdoh surmhfw ghshqgv rq wkh rzqhuvkls frqfhqwudwlrq dv iroorzv1
Fdvh 4= Li V  fc wkhq `. Ekc  ` Ek  f iru doo k dqg   u1
Fdvh 5= Li V:f / wkhuh h{lvwv d xqltxh ydoxh f 	 k	dqg/ iru doo k:kc dx q l t x h
wkuhvkrog f 	 Ek 	uvxfk wkdw
l, `. Ekc :`E k li dqg rqo| li k:kdqg Ek 	uc
ll, Ek lv vwulfwo| ghfuhdvlqj lq k
Lq Fdvh 4/ wkh glhuhqfh lq vl}h ehwzhhq wkh vpdoo0 dqg odujh0vfdoh surmhfw lv frq0
vlghudeoh1 Dv iruhjrqh surwv duh sursruwlrqdo wr wklv glhuhqf/ wkh odujh0vfdoh surmhfw
grplqdwhv wkh vpdoo0vfdoh surmhfw iru doo srvvleoh rzqhuvkls frqfhqwudwlrqv Fdvh 5 lv
46Wklv h￿hfw zdv glvfxvvhg dw ohqjwk lq wkh suhylrxv vhfwlrq1 D vhfrqg/ doehlw ohvv lpsruwdqw uhdvrq
zk| prqlwrulqj lv juhdwhu xqghu wkh odujh0vfdoh surmhfw lv wkdw wkh frvwv ri pdqdjhuldo rq0wkh0mre
frqvxpswlrq duh kljkhu frpsduhg zlwk wkrvh xqghu wkh vpdoo0vfdoh surmhfw1
48pruh lqwhuhvwlqj1 Wkhuh/ lw pd| sd| r iru upv zlwk d kljk rzqhuvkls frqfhqwudwlrq
wr lqyhvw lq wkh vpdoo0vfdoh surmhfw dv orqj dv wkh vpdoo0vfdoh surmhfw lv qrw wrr vpdoo1
Wkxv/ xqolnh vwdqgdug prghov ri fuhglw0udwlrqlqj zkhuh upv duh ghqlhg dffhvv wr fuhglw
 q d q f h / u p vl qr x up r g h op d |yroxqwdulo| g rz l w k r x wf u h g l ww rd y r l gh { f h v v l y h o |k l j k
djhqf| frvwv ri ghew1 Sxw lw vrphzkdw pruh ruqdwho|/ wkh lqdelolw| ri odujh vkduhkroghuv
wr frpplw qrw wr xvh wkhlu frqwuro uljkwv wr wkh ghwulphqw ri fuhglwruv pd|/ dv dq h{wuhph
frqvhtxhqfh/ ohdg wr d ghfolqh ri h{whuqdo +pruh suhflvho|= fuhglw, qdqfh1 Ixuwkhupruh/
dv wkh rzqhuvkls frqfhqwudwlrq ulvhv/ wkh udqjh ri vpdoo0vfdoh surmhfwv xqghu zklfk lq0
whuqdo qdqfh lv rswlpdo ehfrphv odujhu/ lpso|lqj wkdw d ghfolqh ri h{whuqdo qdqfh lv
pruh olnho| iru upv zlwk frqfhqwudwhg rzqhuvkls1
Lqgluhfw vxssruw iru rxu wkhru| frphv iurp wkh fdvxdo revhuydwlrq wkdw vwduwxs upv
duh hlwkhu qdqfhg zlwk yhqwxuh +l1h1 htxlw|, fdslwdo/ lq zklfk fdvh wkhuh lv qr ghew0
djhqf| sureohp/ ru zlwk edqn ordqv/ lq zklfk fdvh wkh edqn*v juls rq wkh up*v rzqhu0
pdqdjhu+v, lv xvxdoo| vx!flhqwo| wljkw wr uxoh rxw h{fhvvlyh ulvn0wdnlqj1 E| frqwudvw/
odujh frusrudwlrqv/ zklfk duh riwhq zlgho| glvshuvhg +dw ohdvw lq wkh Xqlwhg Vwdwhv,/
iuhtxhqwo| uhvruw wr wkh sxeolf erqg pdunhw zkhuh frqwuro e| erqgkroghuv lv orrvh1
Ixuwkhu hylghqfh frphv iurp Zhljdqg dqg Dxguhwvfk +4<<<,1 Dprqj rwkhu wklqjv/
wkh| lqyhvwljdwh wkh uhodwlrqvkls ehwzhhq rzqhuvkls frqfhqwudwlrq dqg qdqflqj frq0
vwudlqwv iru 675 Jhupdq upv/ prvw ri zklfk duh vwrfn frusrudwlrqv1 Wkh| ghqh d up
dv rzqhu0frqwuroohg li lqglylgxdov ru idplolhv kdyh d vwdnh ri ryhu 58(/ dqg dv pdqdjhu0
frqwuroohg li wkh vwdnh ri lqglylgxdov ru idplolhv lv ohvv wkdq 58(1 Iru odujh upv +l1h1 upv
kdylqj 833 ru pruh hpsor|hhv,/ Zhljdqg dqg Dxguhwvfk qg wkdw pdqdjhu0frqwuroohg
upv duh ohvv frqvwudlqhg wkdq rzqhu0frqwuroohg upv147 Iru vpdoo upv/ wkhlu uhvxowv
duh qrw vljqlfdqw1 Wkh dxwkruv frqfoxgh +s157,= Ilup rzqhuv/ zkr duh riwhq dovr wkh
irxqghuv ri wkh uhvshfwlyh upv/ pd| qrw eh zloolqj wr uhvljq iurp wrwdo frqwuro dqg
udwkhu suhihu vorzhu jurzwk e| dffhswlqj qdqflqj frqvwudlqwv1 Revhuyh wkrxjk wkdw
wkhvh uhvxowv duh phuho| frqvlvwhqw zlwk rxu wkhru|1 Wr glvwlqjxlvk rxu wkhru| iurp rwk0
huv/ lw lv qhfhvvdu| wr vkrz wkdw wkh qdqflqj frqvwudlqwv duh gxh wr h{fhvvlyh ulvn0wdnlqj
+dqg qrw/ h1j1/ ehfdxvh wkh odujh vkduhkroghu glyhuwv sduw ri wkh up*v surwv,1
9 Ghohjdwlrq ri Frqwuro Uljkwv
D vwudljkwiruzdug +shukdsv wkh prvw vwudljkwiruzdug, zd| ri frpplwwlqj qrw wr xvh
frqwuro uljkwv wr wkh ghwulphqw ri d fuhglwru lv wr kdqg ryhu ru ghohjdwh wkh frqwuro
uljkwv wr wkh fuhglwru1 Lq Jhupdq| dqg d ihz rwkhu Hxurshdq frxqwulhv/ ghohjdwlrq
47Lq wkhlu vwxg|/ d ￿up lv ￿qdqfldoo| frqvwudlqhg li lqyhvwphqw h{shqglwxuhv duh srvlwlyho| uhodwhg wr
wkh ￿up*v fdvk  rz dqg vdohv/ dqg qhjdwlyho| uhodwhg wr wkh |hdu0wr0|hdu fkdqjh lq zrunlqj fdslwdo1
49ri frqwuro uljkwv wr edqnv yld sur{| yrwhv lv frpprq sudfwlfh1 Iru lqvwdqfh/ lq 4<<5/
edqnv frqwuroohg rq dyhudjh ;7( ri wkh yrwhv dw dqqxdo vkduhkroghu phhwlqjv ri wkh
57 odujhvw zlgho| khog Jhupdq vwrfn frusrudwlrqv +Edxpv dqg Iudxqh 4<<8,1 Ri wkhvh
;7(/ dssur{lpdwho| :8( +l1h1 94( lq devroxwh whupv, fdph iurp ghsrvlwdu| sur{| yrwhv1
Iurp d wkhruhwlfdo ylhzsrlqw/ wklv udlvhv +dw ohdvw, wzr txhvwlrqv=
4, Zkdw duh wkh frvwv dqg ehqhwv ri ghohjdwlrqB
5, Zkdw pdnhv wkh ghohjdwlrq fuhgleohB
Dw wklv srlqw/ vrph frpphqwv duh lq rughu1 Zlwk uhjdug wr wkh uvw txhvwlrq/ qrwh
wkdw zh gr qrw dvvhuw wkdw vkduhkroghuv frqvflrxvo| zhljk xs wkh frvwv dqg ehqhwv ri
ghohjdwlrq zkhq dssrlqwlqj d sur{|1 Lq idfw/ wkh ghflvlrq pd| eh sxuho| phfkdqlfdo
+dv lv iuhtxhqwo| fodlphg,1 Lq olqh zlwk wudglwlrqdo uhdvrqlqj/ krzhyhu/ zh pd| ylhz
wkh rxwfrph ri wkh ghflvlrq dv li lw hqvxhg iurp d udwlrqdo dqg frqvflrxv fkrlfh e|
xwlolw|0pd{lpl}lqj djhqwv148 Zlwk uhjdug wr wkh vhfrqg txhvwlrq/ wkh lvvxh ri fuhglelolw|
dulvhv ehfdxvh wkh sur{|/ doehlw ydolg iru d pd{lpxp ri 48 prqwkv/ fdq eh uhyrnhg dw
dq| wlph149 Pruhryhu/ wr wkh h{whqw wkdw wkh fuhglw lv orqj0whup/ wkh edqn pxvw uho| rq
wkh sur{| ehlqj uhqhzhg diwhu lw kdv h{sluhg1
Wkh pdlq srlqw ri wklv vhfwlrq lv wkdw wkh dqvzhu wr erwk txhvwlrqv ghshqgv fulwlfdoo|
rq wkh up*v rzqhuvkls frqfhqwudwlrq1 Lq rxu prgho/ wkh frvwv dqg ehqhwv ri ghohjdwlqj
frqwuro uljkwv duh dv iroorzv1 Zkloh ulvn0wdnlqj lv qr orqjhu dq lvvxh/ wkhuh lv wkh qhz
sureohp wkdw wkh fuhglwru pd| fkrrvh dq ryhuo| vdih surmhfw wr vhfxuh uhsd|phqw ri klv
ordq1 Ehvlghv/ lw lv xqfohdu wr zkdw h{whqw wkh fuhglwru kdv dq lqwhuhvw lq frqvwudlqlqj
pdqdjhuldo ehkdylru1 Dv h{fhvvlyh rq0wkh0mre frqvxpswlrq pd| hqgdqjhu uhsd|phqw ri
wkh fuhglw wkrxjk/ zh dvvxph wkdw wkh fuhglwru*v lqwhuhvw lv dw ohdvw sduwo| doljqhg zlwk
wkdw ri wkh vkduhkroghuv1 Irupdoo|/ zh dvvxph wkdw zkhq wkh fuhglwru lv lq frqwuro/ wkh
pdqdjhu rqo| frqvxphv d iudfwlrq K￿ 	Kri wkh surmhfw*v uhwxuq1 Zkhq wkh pdqdjhu lv
lq frqwuro/ hyhu|wklqj uhpdlqv wkh vdph1
Dv xvxdo/ wkh jdph lv vroyhg edfnzdugv1 Dw gdwh 6/ wkh fuhglwru vroyhv
4@ 
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48Wkhuh duh vwloo d ihz fdyhdwv wkrxjk1 Prvw lpsruwdqwo|/ dv wkh sur{| lv dzdughg wr wkh edqn
zkhuh wkh vkduhkroghu kdv klv eurnhudjh dffrxqw/ sur{lhv pd| eh yrwhg e| edqnv zlwk zkrp wkh ￿up
kdv qr fuhglw uhodwlrqvkls1 Lq rxu prgho/ zh devwudfw iurp wklv srvvlelolw| e| dvvxplqj wkdw frqwuro
uljkwv duh gluhfwo| ghohjdwhg wr wkh fuhglwru1 Dgglwlrqdoo|/ sur{| yrwhv duh w|slfdoo| vsuhdg ryhu vhyhudo
edqnv/ lpso|lqj wkdw wkhuh pd| eh glvvhqw ryhu krz wr fdvw wkh yrwhv1 Lq Jhupdq| +dqg vlploduo| dovr
lq Dxvwuld,/ wklv sureohp lv sduwo| uhvroyhg e| wkh idfw wkdw rq dyhudjh pruh wkdq 73( ri wkh yrwhv
duh frqwuroohg e| wkh wkuhh elj edqnv/ Ghxwvfkh Edqn/ Guhvgqhu Edqn/ dqg Frpphu}edqn +Edxpv dqg
Iudxqh 4<<8,1 Wr wkh h{whqw wkdw wkhvh edqnv ixoo| frqwuro hdfk rwkhu dw wkhlu rzq vkduhkroghu phhwlqjv/
wkh| pd| eh frqyhqlhqwo| ylhzhg dv d vlqjoh hqwlw| +Edxpv 4<<8,1
49Wklv lv wkh fdvh iru Jhupdq| dqg Dxvwuld1
4:Dv -EZ : E n 4(c wkh sureohp kdv d xqltxh vroxwlrq ZW
￿ ' Z Dffruglqjo|/ wkh
fuhglwru fkrrvhv wkh vdihvw surmhfw wr vdihjxdug uhsd|phqw ri klv fuhglw1 Qh{w/ frqvlghu
wkh prqlwrulqj ghflvlrq1 Iru frqyhqlhqfh/ zh dvvxph wkdw wkh prqlwrulqj whfkqrorj| lv
wkh vdph dv wkdw ri wkh odujh vkduhkroghu1 Wkh fuhglwru vroyhv
4@ 
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Dw gdwh 4/ wkh pdqdjhu pdnhv d wdnh0lw0ru0ohdyh0lw rhu wr wkh fuhglwru1 Dv wkh fuhglwru
udwlrqdoo| dqwlflsdwhv doo ixwxuh ghflvlrqv/ wkh htxloleulxp lqwhuhvw udwh zloo ghshqg rq
zkhwkhu wkh fuhglwru uhpdlqv lq frqwuro ru qrw1 Lq wkh odwwhu fdvh/ wkh rxwfrph lv wkh
















wkh pdqdjhu rhuv wkh orzhvw lqwhuhvw udwh vdwlvi|lqj wkh fuhglwru*v }hur surw frqvwudlqw
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lpso|lqj wkdw +45, pxvw krog zlwk htxdolw|1













Khqfh/ li wkh rzqhuvkls frqfhqwudwlrq lv orz +lpso|lqj wkdw 6W lv vpdoo,/ ghohjdwlrq
lv ehqhfldo li wkh h{shfwhg uhwxuq iurp wkh fuhglwru*v suhihuuhg surmhfw lv qrw wrr orz
frpsduhg wr wkh h!flhqw surmhfw/ li pdqdjhuldo rq0wkh0mre frqvxpswlrq xqghu fuhglwru
frqwuro lv vx!flhqwo| orz/ dqg li wkh fuhglwru*v prqlwrulqj frvwv duh qrw wrr kljk dv wkh
vkduhkroghuv pxvw uhlpexuvh klp iru klv vhuylfhv yld d kljkhu lqwhuhvw udwh1 Frqyhuvho|/
li wkh rzqhuvkls frqfhqwudwlrq lv kljk/ ghohjdwlrq lv ehqhfldo li wkh frvwv ri ulvn0vkliwlqj
duh kljk frpsduhg wr wkrvh ri ohwwlqj wkh fuhglwru lpsohphqw wkh vdih surmhfw/ li rq0
wkh0mre frqvxpswlrq xqghu erwk pdqdjhu dqg fuhglwru frqwuro lv prghudwh/ dqg li wkh
fuhglwru*v prqlwrulqj frvwv duh orz frpsduhg wr wkrvh ri wkh odujh vkduhkroghu1
4;Zkloh wkh qhw ehqhwv iurp ghohjdwlrq pd| eh srvlwlyh/ wkh fkrlfh ehwzhhq ghohjdwlrq
dqg qrq0ghohjdwlrq lv k|srwkhwlfdo li wkh vkduhkroghuv fdqqrw frpplw qrw wr uhyrnh wkhlu
ghflvlrq rqfh wkh fuhglw lv vxqn1 Dv wkh fuhglwru iruhvhhv wklv/ kh zloo udwlrqdoo| fkdujh
wkh vdph lqwhuhvw udwh dv li wkhuh zdv qr ghohjdwlrq1 Wkxv/ sulru wr h{dplqlqj zkhwkhu
wkh ghohjdwlrq lv ehqhfldo/ rqh pxvw h{dplqh zkhwkhu lw lv fuhgleoh1 Lq wklv uhjdug/
qrwh wkdw zkhqhyhu lw lv rswlpdo iru wkh odujh vkduhkroghu wr zlwkgudz klv frqwuro uljkwv/
wklv lv dovr rswlpdo iru wkh glxvh vkduhkroghuv dv wkh odujh vkduhkroghu ehduv wkh ixoo
prqlwrulqj frvw dqg vhfxulw| lqwhuhvwv duh frqjuxhqw1 Frqyhuvho|/ li lw lv rswlpdo iru
wkh odujh vkduhkroghu qrw wr zlwkgudz klv frqwuro uljkwv/ wkh ghflvlrq ri wkh glxvh
vkduhkroghuv lv lqfrqvhtxhqwldo14: Wrjhwkhu/ wklv lpsolhv wkdw wkh ghohjdwlrq lv fuhgleoh
li dqg rqo| li wkh odujh vkduhkroghu kdv qr lqfhqwlyhv wr uhyrnh klv ghflvlrq1
Lq wkh vshfldo fdvh zkhuh k 'f / wkh odujh vkduhkroghu*v sd|r lv }hur xqghu hlwkhu
uhjlph +l1h1 ghohjdwlrq yhuvxv qrq0ghohjdwlrq,/ lpso|lqj wkdw kh lv lqglhuhqw ehwzhhq
uhyrnlqj dqg qrw uhyrnlqj klv ghflvlrq1 Zh wkhuhiruh dvvxph wkdw k:f Ghqh








f lv wkh vpdoohvw lqwhuhvw udwh vdwlvi|lqj +45,1 E| wkh deryh uhdvrqlqj/ 4￿
f lv wkh
htxloleulxp lqwhuhvw udwh li wkh ghohjdwlrq lv fuhgleoh1
Sursrvlwlrq := Vxssrvh k:f 1 Zkhwkhu wkh ghohjdwlrq ri frqwuro uljkwv wr wkh
fuhglwru lv fuhgleoh ghshqgv rq wkh rzqhuvkls frqfhqwudwlrq dv iroorzv1
l, Li )  f/ wkh ghohjdwlrq lv qrw fuhgleoh iru doo k
ll, Li ):fdqg wkh ghohjdwlrq lv qrw fuhgleoh iru k ' cwkhuh h{lvwv d xqltxh ydoxh
f 	 7 k	vxfk wkdw wkh ghohjdwlrq lv fuhgleoh li dqg rqo| li k  7 k
lll, Li ):fdqg wkh ghohjdwlrq lv fuhgleoh iru k ' clw lv fuhgleoh iru doo k
Fdvhv l, dqg lll, duh rqo| prghudwho| lqwhuhvwlqj1 Lq fdvh l,/ wkh h{shfwhg uhwxuq ri wkh
surmhfw fkrvhq e| wkh fuhglwru qhw ri pdqdjhuldo frqvxpswlrq lv vx!flhqwo| orz/ lpso|lqj
wkdw wkh odujh vkduhkroghu lv ehwwhu r prqlwrulqj hyhq wkrxjk kh pxvw ehdu wkh ixoo
prqlwrulqj frvw +uhfdoo wkdw h{ srvw/ prqlwrulqj lv dozd|v ehqhfldo,1 Fdvh lll, uhsuhvhqwv
wkh rssrvlwh fdvh zkhuh wkh h{shfwhg uhwxuq iurp wkh vdih surmhfw lv vx!flhqwo| kljk dqg
pdqdjhuldo frqvxpswlrq xqghu fuhglwru frqwuro vx!flhqwo| orz vxfk wkdw lw qhyhu sd|v
iru wkh odujh vkduhkroghu wr zlwkgudz klv frqwuro uljkwv1 Wkh lqwhuphgldwh fdvh ll, lv pruh
lqwhuhvwlqj1 Li vkduh rzqhuvkls lv vx!flhqwo| glvshuvhg/ wkhuh lv wrr olwwoh prqlwrulqj e|
wkh odujh vkduhkroghu/ lpso|lqj wkdw wkh vkduhkroghuv +lqfoxglqj wkh odujh vkduhkroghu
4:Wklv lv ehfdxvh wkh gl￿xvh vkduhkroghuv fdqqrw irufh wkh odujh vkduhkroghu wr prqlwru1 Khqfh/ hyhq
li wkh iudfwlrq 4￿￿ ri yrwhv ehorqjlqj wr wkh vpdoo vkduhkroghuv lv zlwkgudzq/ wkh fuhglwru/ frqwuroolqj
wkh odujh vkduhkroghu*v yrwlqj eorfn/ kdv vwloo irupdo frqwuro1
4<klpvhoi, fdq uhdol}h rqo| d vpdoo sduw +lq h{shfwhg whupv, ri wkh h{ srvw jdlqv iurp
lqwhuihulqj +yl}1/ lpsohphqwdwlrq ri wkhlu suhihuuhg surmhfw dqg suhyhqwlrq ri pdqdjhuldo
vklunlqj,1 Lq wklv fdvh/ wkh odujh vkduhkroghu iduhv ehwwhu li wkh fuhglwru uhwdlqv frqwuro1
Frqyhuvho|/ li wkh rzqhuvkls frqfhqwudwlrq lv kljk/ wkh odujh vkduhkroghu prqlwruv hqrxjk
wr hqvxuh wkdw zlwkgudzlqj frqwuro iurp wkh fuhglwru sd|v r1
Hpslulfdoo|/ fdvh ll, dsshduv wr eh wkh prvw uhohydqw rqh1 Lq uhfhqw vwxglhv/ erwk
Iudqnv dqg Pd|hu +4<<;, dqg Hgzdugv dqg Qleohu +4<<<, qg wkdw wkh lq xhqfh ri
edqnv rq upv yld sur{| yrwhv lq Jhupdq| lv qhjdwlyho| uhodwhg wr wkh upv* rzqhuvkls
frqfhqwudwlrq1 Dv rxu wkhru| vxjjhvwv/ wklv lv qrw phuho| ehfdxvh edqnv ryhufrph wkh
iuhh0ulghu sureohp lq prqlwrulqj dqg glvflsolqlqj pdqdjhphqw wkdw lv fkdudfwhulvwlf iru
upv zlwk glvshuvhg vkduh rzqhuvkls14; Li wkh djhqf| frvwv ri ghew duh kljk/ hyhq upv
zlwk d grplqdqw vkduhkroghu pd| ehqhw iurp ghohjdwlqj frqwuro wr d edqn1 Lq idfw/
wr wkh h{whqw wkdw wkhvh djhqf| frvwv duh srvlwlyho| uhodwhg wr wkh up*v rzqhuvkls
frqfhqwudwlrq +dv rxu prgho vxjjhvwv,/ wkh| pd| ehqhw hyhq pruh iurp wkh ghohjdwlrq
wkdq upv zlwk glxvh rzqhuvkls1 Wkxv/ lw lv qrw qhfhvvdulo| wkh ghvluh wr ghohjdwh
frqwuro zkdw glvwlqjxlvkhv upv/ exw wkh delolw| wr gr vr lq d fuhgleo| zd|1
: Vxppdu|
Wklv sdshu lqyhvwljdwhv wkh uroh ri d up*v rzqhuvkls frqfhqwudwlrq lq doorzlqj vkduh0
kroghuv wr frpplw qrw wr h{huflvh wkhlu frqwuro uljkwv wr wkh ghwulphqw ri ghewkroghuv1
Dv vkduhkroghu sdvvlylw| dovr phdqv judqwlqj pdqdjhuv pruh iuhhgrp/ wkh frvwv ri wklv
frpplwphqw duh lqfuhdvhg pdqdjhuldo rq0wkh0mre frqvxpswlrq dqg vklunlqj1 Wudglqj r
wkh frvwv dqg ehqhwv ri pdqdjhuldo glvfuhwlrq/ zh ghulyh d xqltxh rswlpdo rzqhuvkls
vwuxfwxuh1 Vrphwlphv wkrxjk/ vkduh rzqhuvkls lv pruh glvshuvhg wkdq rswlpdo +h1j1 wr
hqfrxudjh dfwlyh wudglqj lq wkh up*v vkduhv,/ lpso|lqj wkdw vkduhkroghuv prqlwru wrr
olwwoh1 Lq wklv fdvh/ zh vkrz wkdw ohyhudjh dqg rzqhuvkls frqfhqwudwlrq vhuyh dv dowhu0
qdwlyh lqvwuxphqwv lq surylglqj vkduhkroghuv zlwk prqlwrulqj lqfhqwlyhv1 Zh dovr vkrz
wkdw wkhuh pd| eh d uhodwlrq ehwzhhq rzqhuvkls frqfhqwudwlrq dqg jurzwk1 Li h{fhvvlyh
ulvn0wdnlqj e| vkduhkroghuv lv d vhulrxv sureohp/ upv zlwk frqfhqwudwhg rzqhuvkls pd|
qg lw zruwkzkloh wr olplw up jurzwk wr wkh dydlodelolw| ri lqwhuqdo ixqgv/ hyhq li wkdw
phdqv iruhjrlqj surwdeoh lqyhvwphqw rssruwxqlwlhv1
Ilqdoo|/ wkh sdshu glvfxvvhv wkh frvwv dqg ehqhwv ri ghohjdwlqj frqwuro uljkwv wr
ghewkroghuv dv d phdqv ri uhgxflqj wkh djhqf| frvwv ri ghew1 Lq Jhupdq| dqg d ihz
rwkhu Hxurshdq frxqwulhv/ edqnv zlhog frqvlghudeoh srzhu ryhu upv wkurxjk wkh h{huflvh
ri sur{| yrwhv1 Dv edqnv duh sulpdulo| lqwhuhvwhg lq vhfxulqj uhsd|phqw ri wkhlu ordqv/
4;Wklv ylhz lv/ h1j1/ h{suhvvhg e| Fkdunkdp +4<<7/ s16;,1
53krzhyhu/ wkhuh lv qr d sulrul uhdvrq zk| wkh| vkrxog xvh wklv srzhu wr hqkdqfh up suri0
lwdelolw|14< Lq idfw/ zh vkrz wkdw li edqnv fdq dhfw surmhfw fkrlfh/ wkh| zloo idyru ryhuo|
vdih surmhfwv/ zklfk pd| ru pd| qrw eh pruh h!flhqw wkdq wkh ulvn| surmhfwv idyruhg
e| wkh upv* vkduhkroghuv1 Frqvhtxhqwo|/ vwurqj lq xhqfh e| edqnv pd| pdqlihvw lwvhoi
lq h{fhvvlyh frqvhuydwlvp/ zklfk lv frpsohphqwdu| wr wkh frvwv ri edqn lq xhqfh phq0
wlrqhg lq Udmdq +4<<5, +h{wudfwlrq ri prqrsro| uhqwv,/ dqg yrq Wkdgghq +4<<8, +p|rslf
lqyhvwphqw ghflvlrqv,1 Exw hyhq zkhq wkh jdlqv iurp ghohjdwlqj frqwuro rxwzhljk wkh
frvwv/ vkduhkroghuv pd| qrw eh deoh wr uhdol}h wkhvh jdlqv dv wkh| fdqqrw frpplw qrw wr
zlwkgudz wkhlu frqwuro uljkwv rqfh wkh ghew lv lq sodfh1 Vlplodu wr wkh fdvh zkhuh frqwuro
uljkwv fdqqrw eh ghohjdwhg/ zh vkrz wkdw wkh delolw| ri vkduhkroghuv wr frpplw ghshqgv
fulwlfdoo| rq wkh xqghuo|lqj rzqhuvkls frqfhqwudwlrq1
;D s s h q g l {
Surri ri Sursrvlwlrq 5= Wkh surri surfhhgv lq wzr vwhsv1 Zh ￿uvw suryh wkdw wkh htxloleulxp lqwhuhvw
udwh ￿3 lv frqwlqxrxvo| gl￿huhqwldeoh lq ￿1 Zh wkhq dsso| wklv uhvxow wr suryh wkh vwdwhphqw jlyhq lq
wkh sursrvlwlrq1 Ghqrwh e|
￿+￿>￿,@p ￿￿+4 . ￿,G .+ 4￿p ￿,￿ IE+4 . ￿,G ￿ G
wkh fuhglwru*v sur￿w iru jlyhq ydoxhv ri ￿ dqg ￿= Vlqfh ￿+￿>3, ? 3 dqg ￿+￿>￿, A 3> frqwlqxlw| ri ￿+￿>￿,
lq ￿ lpsolhv wkdw ￿+￿>￿, kdv d xqltxh vpdoohvw }hur/ zklfk vkdoo eh ghqrwhg e| ￿3= Gl￿huhqwldwlqj



















e| +5,1 Dffruglqjo|/ ￿+￿>￿, lv frqfdyh lq ￿> zklfk lpsolhv wkdw g￿@g￿m￿@￿3 A 3= Qrwh wkdw ￿+￿>￿3 +￿,, @
3 e| wkh gh￿qlwlrq ri ￿3= Wkh idfw wkdw ￿+￿>￿, lv frqwlqxrxvo| gl￿huhqwldeoh lq erwk dujxphqwv lq frq0
mxqfwlrq zlwk g￿@g￿m￿@￿3 A 3 wkhq lpsolhv wkdw ￿3 +￿, lv frqwlqxrxvo| gl￿huhqwldeoh1
Qh{w/ frqvlghu wkh odujh vkduhkroghu*v ￿uvw0rughu frqglwlrq +5, dqg wkh fuhglwru*v }hur sur￿w frqglwlrq
+7,/ zklfk krogv zlwk htxdolw| dw ￿ @ ￿31 Wrwdoo| gl￿huhqwldwlqj erwk htxdwlrqv/ wdnlqj ￿> p￿> dqg ￿ dv
yduldeohv/ zh rewdlq
G+4 . ￿3,^￿￿￿ IE‘gp￿ . G^p￿￿ .+ 4￿p ￿,￿ IE‘g￿3 @3 >
dqg
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Gh￿qh
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5G5.f33 +p￿,G^p￿￿ .+ 4￿p ￿,￿ IE‘= +47,
4<Iru d vlplodu dujxphqw/ vhh Hgzdugv dqg Ilvfkhu +4<<7/ Fk1<, dqg Hgzdugv dqg Qleohu +4<<<,1
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zklfk lpsolhv wkdw gp￿@g￿ A 3 dqg g￿3@g￿ A 3= Zh fdq qrz ghwhuplqh wkh rswlpdo rzqhuvkls
frqfhqwudwlrq1 Gl￿huhqwldwlqj wrwdo vkduhkroghu zhdowk +9, zlwk uhvshfw wr ￿ |lhogv
gZ
g￿
@^ ￿ ￿ f 3 + p ￿ ,‘
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g￿
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zkhuh wkh vhfrqg htxdolw| iroorzv iurp lqvhuwlqj +48, dqg wkh gh￿qlwlrq ri $1 Iluvw/ vxssrvh $ ￿ 3=
Fohduo|/ gZ@g￿ ? 3 iru doo ￿A3 >zklfk lpsolhv wkdw wkh rswlpdo rzqhuvkls frqfhqwudwlrq lv }hur1 Qh{w/
vxssrvh $A3 =Hydoxdwlqj gZ@g￿ dw ￿ @3dqg ￿ @4|lhogv
gZ
g￿


















Wkxv/ wkh rswlpdo rzqhuvkls frqfhqwudwlrq olhv vwulfwo| ehwzhhq 3 dqg 4 dqg vdwlv￿hv
$ ￿ f3 +p￿,@3 =
Xqltxhqhvv iroorzv iurp wkh idfw wkdw $ ￿ f3 +p￿, lv vwulfwo| ghfuhdvlqj lq ￿1 T1H1G1
Surri ri Sursrvlwlrq 6= Wkh surri surfhhgv lq wkuhh vwhsv1 Iluvw/ zh ghwhuplqh wkh rswlpdo prq0
lwrulqj h￿ruw p￿ dqg wkh htxloleulxp lqwhuhvw udwh ￿3= Vxevhtxhqwo|/ zh vkrz wkdw ￿3 +￿, lv frqwlqxrxvo|
gl￿huhqwldeoh1 Ilqdoo|/ zh dsso| wkhvh uhvxowv wr suryh wkh vwdwhphqw jlyhq lq wkh sursrvlwlrq1




V, ￿ +4 . ￿,G‘.+ 4￿p ,￿ IE￿^U+￿ IE,+4￿e,￿+4 . ￿,G‘ ￿ f+p,j>
zklfk kdv d xqltxh vroxwlrq p￿ gh￿qhg e|




V, ￿ +4 . ￿,G‘ ￿ ￿IE^U+￿ IE,+4￿e,￿+4 . ￿,G‘=
E| uhyhdohg suhihuhqfh/ ￿V A 3= Dw gdwh 4/ wkh pdqdjhu vroyhv
pd{
￿ +4 ￿ p￿,￿IEU+￿ IE,e
vxemhfw wr wkh fuhglwru*v }hur sur￿w frqvwudlqw
p￿￿￿
V +4 . ￿,G .+ 4￿p ￿,￿ IE+4 . ￿,G ￿ G= +4:,











zkhuh wkh ￿uvw htxdolw| iroorzv iurp +<,1 Dffruglqjo|/ wkh pdqdjhu*v remhfwlyh ixqfwlrq lv vwulfwo|
ghfuhdvlqj lq ￿> zklfk lpsolhv wkdw kh r￿huv wkh vpdoohvw lqwhuhvw udwh vdwlvi|lqj wkh fuhglwru*v }hur
sur￿w frqvwudlqw +4:,153
E| wkh vdph dujxphqw dv lq wkh surri ri Sursrvlwlrq 5/ wkh fuhglwru*v sur￿w ixqfwlrq ￿+￿>￿, kdv
d xqltxh vpdoohvw }hur ￿3= Gh￿qh ￿+￿￿
V,@￿ ￿
VU+ ￿ ￿
V,=Wr hqvxuh wkdw g￿@g￿m￿@￿3 A 3> zh dvvxph wkdw
￿333+￿￿
V, ? 3 +li wklv grhv qrw krog/ ￿3 +￿, pd| eh glvfrqwlqxrxv,1 Gl￿huhqwldwlqj ￿+￿>￿, wzlfh zlwk
uhvshfw wr ￿ jlyhv
C5￿+￿>￿,
C￿5 @5 ^ ￿ ￿





















zkhuh gp￿@g￿ ￿ 3>g ￿ ￿
V@g￿ ? 3>g 5￿ ￿
V@g￿5 ? 3> dqg g5p￿@g￿5 ￿ 3/ zklfk lpsolhv wkdw g5￿@g￿5 ￿ 3 dqg
wkhuhiruh g￿@g￿m￿@￿3 A 3= Iurp wkh lpsolflw ixqfwlrq wkhruhp/ lw wkhq iroorzv wkdw ￿3 +￿, lv frqwlqxrxvo|
gl￿huhqwldeoh1
Ilqdoo|/ frqvlghu wkh ￿uvw0rughu frqglwlrq fkdudfwhul}lqj wkh odujh vkduhkroghu*v rswlpdo surmhfw
fkrlfh +<,/ wkh ￿uvw0rughu frqglwlrq fkdudfwhul}lqj wkh rswlpdo prqlwrulqj h￿ruw +49,/ dqg wkh fuhglwru*v
}hur sur￿w frqglwlrq +4:,/ zklfk krogv zlwk htxdolw| dw ￿ @ ￿3= Wrwdoo| gl￿huhqwldwlqj doo wkuhh htxdwlrqv/
wdnlqj ￿> ￿￿
V>p ￿>dqg ￿ dv yduldeohv/ zh rewdlq wkh iroorzlqj htxdwlrq v|vwhp=
G+4 . ￿3,^￿￿
V ￿￿ IE‘gp￿ . G^p￿￿￿
V .+ 4￿p ￿,￿ IE‘g￿3 . p￿ +4 . ￿3,g￿￿
V @3 >
￿ f 33 +p￿,gp￿ . ￿G^￿IE￿￿￿
V‘g￿3 . ￿^￿3 +￿￿
V, ￿ +4 . ￿3,G‘g￿￿
V @ ￿￿g￿>
dqg




￿@G ^ p ￿ ￿ ￿
V .+ 4￿p ￿,￿ IE‘￿33 +￿￿
V,f33 +p￿,.p ￿+4 . ￿3,G5f33 +p￿,































53Vwulfwo| vshdnlqj/ li ￿ @3 >wkh pdqdjhu lv lqgl￿huhqw zlwk uhvshfw wr klv fkrlfh ri ￿/ lq zklfk fdvh
zh dvvxph wkdw kh djdlq fkrrvhv wkh vpdoohvw ihdvleoh lqwhuhvw udwh1 Vhh dovr irrwqrwh <1
56Khqfh/ gp￿@g￿ A 3>g ￿ 3@g￿ A 3/d q gg￿￿






















E| wkh hqyhorsh wkhruhp/ CZ￿
C￿￿
V @3 =Lqvhuwlqj g￿3@g￿ lq +4;, jlyhv
gZ
g￿






V+ ￿ 3,U + ￿ ￿













zkhuh zh xvhg wkh idfw wkdw gp￿@g￿ A 3 dqg g￿￿
V@g￿ ￿ 3= Iluvw/ vxssrvh ￿+￿IE,￿3= Lq frqmxqfwlrq
zlwk +4<,/ wklv lpsolhv wkdw gZ@g￿ ? 3 iru doo ￿A3 =Wkxv/ wkh rswlpdo rzqhuvkls frqfhqwudwlrq lv
}hur1 Qh{w/ vxssrvh ￿ +￿IE,A3=Hydoxdwlqj gZ@g￿ dw ￿ @3dqg ￿ @4|lhogv
gZ
g￿









￿ ￿ ￿ ￿
￿@4








Wkxv/ wkh rswlpdo rzqhuvkls frqfhqwudwlrq olhv vwulfwo| ehwzhhq 3 dqg 4 dqg vdwlv￿hv
￿+￿3, ￿ f3 +p￿,@3 =
Xqltxhqhvv iroorzv iurp +4<,1 T1H1G1
Surri ri Sursrvlwlrq 8= Frqvlghu wkh odujh vkduhkroghu*v ￿uvw0rughu frqglwlrq +5, dqg wkh fuhgl0
wru*v }hur sur￿w frqglwlrq +7, dw ￿ @ ￿31 Wrwdoo| gl￿huhqwldwlqj erwk htxdwlrqv/ wdnlqj G> p￿> dqg ￿ dv
yduldeohv/ zh rewdlq
G+4 . ￿3,^￿￿￿ IE‘gp￿ . G^p￿￿ .+ 4￿p ￿,￿ IE‘g￿3 @3 >
dqg
￿f33 +p￿,gp￿ . ￿G^￿IE￿￿‘g￿3 @ ￿+4 . ￿3,^￿￿￿ IE‘gG=

















+4 . ￿3,^￿ IE￿￿‘





zkhuh ￿ A 3 lv gh￿qhg lq +47,1 Khqfh/ gp￿@gG A 3 dqg g￿3@gG ￿ 3= Gl￿huhqwldwlqj wrwdo vkduhkroghu
zhdowk +9, zlwk uhvshfw wr G> zh kdyh
gZ
gG
@^ ￿ ￿ f 3 + p ￿ ,‘
gp￿
gG
￿ G^p￿￿ .+ 4￿p ￿,￿ IE‘
g￿3
gG




57zkhuh wkh vhfrqg htxdolw| iroorzv iurp lqvhuwlqj +53, dqg wkh gh￿qlwlrq ri $1 Iurp wkh suhylrxv dqdo|vlv/
zh nqrz wkdw wkh rswlpdo rzqhuvkls frqfhqwudwlrq lv ehorz wkh rswlpdo ohyho li $ ￿ f3 +p￿, A 3> dqg
deryh wkh rswlpdo ohyho li $ ￿ f3 +p￿, ? 3> zklfk suryhv wkh fodlp1 T1H1G1
Surri ri Sursrvlwlrq 9= Iluvw/ revhuyh wkdw ZH +￿>l, lv frqwlqxrxv lq erwk ￿ dqg l> dqg wkdw
Z +￿, lv frqwlqxrxv lq ￿= Pruhryhu/ lq wkh surri ri Sursrvlwlrq 4/ lw lv vkrzq wkdw $ ￿ 3 lpsolhv









iru doo ￿?4 >dqg
gZH +￿>l,
gl
@ ￿IE+4 . ￿ +￿IE,,^p￿
H .+ 4￿p ￿
H,+4￿e,‘ +54,















Lqvhuwlqj +43, lq +54, vkrzv wkdw gZH +￿>l,@gl A 3 iru doo ￿= Hydoxdwlqj ZH +￿>O, dqg Z +￿, dw ￿ @3
jlyhv
ZH +3>O,@￿ IEu+￿ IE,+4￿e,>
dqg
Z +3, @ ￿IEU+￿ IE,+4￿e,￿G
@ Z H+3>O,.￿ IEG+4 . ￿ +￿IE,,+4 ￿ e, ￿ G>
zklfk vkrzv wkdw Z +3, ￿ ZH +3>O,A3=Frqvlghu qrz wkh wzr fdvhv lq wkh sursrvlwlrq1
Fdvh 41 Li ￿ ￿ 3> wkh idfw wkdw Z +3,￿ZH +3>O,A3> gZ@g￿ ? 3 iru doo ￿A3 >dqg gZH +￿>O,@g￿ A
3 iru doo ￿?4 >lpsolhv wkdw Z +￿, ￿ ZH +￿>O, iru doo ￿= Dgglwlrqdoo|/ dv ZH +￿>l, lv vwulfwo| lqfuhdvlqj
lq l> wklv dovr lpsolhv wkdw Z +￿, ￿ ZH +￿>l, iru doo l ￿ O=
Fdvh 51 Li ￿A3 >wkh idfw wkdw Z +3,￿ZH +3>O,A3> gZ@g￿ ? 3 iru doo ￿A3 >dqg gZH +￿>O,@g￿ A
3 iru doo ￿?4 >lpsolhv wkdw wkhuh h{lvwv d xqltxh wkuhvkrog ￿ 5 +3>4, vxfk wkdw Z +￿, ￿ ZH +￿>O, iru
doo ￿ ￿ ￿> dqg ZH +￿>O, AZ+ ￿ ,iru doo ￿A￿ 1 Pruhryhu/ vlqfh gZH +￿>l,@gl A 3> wklv dovr lpsolhv
wkdw Z +￿, ￿ ZH +￿>l, iru doo ￿ ￿ ￿ dqg l ￿ O= Qh{w/ qrwh wkdw li l @3 >zh kdyh ZH +￿>l,@3?Z+ ￿ ,
iru doo ￿= Iurp gZH +￿>l,@gl A 3/ lw wkhq iroorzv wkdw iru doo ￿ 5 +￿>4‘> wkhuh h{lvwv d xqltxh wkuhvk0
rog l+￿, 5 +3>O, vxfk wkdw ZH +￿>l, AZ + ￿ ,li lAl + ￿ , >Z H+ ￿>l,@Z + ￿ ,li l @ l+￿,> dqg
ZH +￿>l, ?Z+ ￿ ,li l?l+ ￿ ,=
Wr vkrz wkdw l+￿, lv vwulfwo| ghfuhdvlqj lq ￿> zh dujxh wr d frqwudglfwlrq1 Vxssrvh l+￿4, ￿









@ Z +￿5,= Dv gZH +￿>l,@g￿ A 3 iru doo ￿?4dqg iru
doo l> dqg gZH +￿>l,@gl A 3 iru jlyhq ￿> lw pxvw eh wuxh wkdw
Z +￿5,@Z H
￿








￿ 4>l+ ￿ 4,
￿
@Z+ ￿ 4,>
frqwudglfwlqj wkh idfw wkdw Z +￿, lv vwulfwo| ghfuhdvlqj iru doo ￿A3 =T1H1G1
58Surri ri Sursrvlwlrq := Li wkh fuhglwru uhwdlqv frqwuro/ wkh htxloleulxp lqwhuhvw udwh lv ￿E
3 = Wkh














Li wkh odujh vkduhkroghu ghyldwhv dqg zlwkgudzv klv frqwuro uljkwv/ wkh htxlw| ydoxh lv
HV+￿,@p ￿￿
￿
U+ ￿ ,￿G +4 . ￿E
3 ,
￿
.+ 4￿p ￿, ￿ IE
￿




Dffruglqjo|/ wkh odujh vkduhkroghu*v sd|r￿v iurp ghyldwlqj dqg qrw ghyldwlqj duh YV+￿,@￿HV+￿, ￿
f+p￿, dqg YF @ ￿HF> uhvshfwlyho|1 Gh￿qh ￿ +￿,@Y V+ ￿ ,￿Y F=E| rswlpdolw|/ wkh odujh vkduhkroghu
ghyldwhv li dqg rqo| li ￿ +￿, A 31 Iurp wkh hqyhorsh wkhruhp/ lw iroorzv wkdw
g￿ +￿,
g￿












Hydoxdwlqj g￿ +￿,@g￿ dw ￿ @3jlyhv
g￿ +￿,
g￿





F A 3 e| +44,1 Wrjhwkhu/ +55,/ +56,/ dqg wkh idfw wkdw ￿ +3, @ 3 lpso| fdvhv l,0lll,1 T1H1G1
< Uhihuhqfhv
Dfhprjox/ G1 +4<<8,/ ￿Frusrudwh Frqwuro dqg wkh Edodqfh ri Srzhuv/￿ Glvfxvvlrq Sdshu 56</ Fhqwuh
iru Hfrqrplf Shuirupdqfh/ Orqgrq Vfkrro ri Hfrqrplfv1
Djklrq/ S1/ dqg Wluroh/ M1 +4<<:,/ ￿Irupdo dqg Uhdo Dxwkrulw| lq Rujdql}dwlrqv/￿ Mrxuqdo ri Srolwlfdo
Hfrqrp| 438/ 405<1
Doohq/ I1/ dqg Zlqwrq/ D1 +4<<8,/ ￿Frusrudwh Ilqdqfldo Vwuxfwxuh/ Lqfhqwlyhv dqg Rswlpdo Frqwudfw0
lqj/￿ lq= Kdqgerrn lq Rshudwlrqv Uhvhdufk dqg Pdqdjhphqw Vflhqfh/ hg1 e| U1 Mduurz/ Y1
Pdnvlprylf/ dqg Z1W1 ]lhped1 Dpvwhugdp= Qruwk0Kroodqg1
Edxpv/ W1 +4<<8,/ ￿Yroopdfkwvwlppuhfkw ghu Edqnhq 0 Md rghu QhlqB￿/ plphr/ Xqlyhuvlw| ri Rv0
qdeu￿fn1
Edxpv/ W1 +4<<;,/ ￿Vkduhkroghu Uhsuhvhqwdwlrq dqg Sur{| Yrwlqj lq wkh Hxurshdq Xqlrq= D Frp0
sdudwlyh Vwxg|/￿ lq= Frpsdudwlyh Frusrudwh Jryhuqdqfh= Wkh Vwdwh ri wkh Duw dqg Hphujlqj
Uhvhdufk/ hg1 e| N1M1 Krsw1 R{irug= Foduhqgrq Suhvv1
Edxpv/ W1/ dqg Iudxqh/ F1 +4<<8,/ ￿Lqvwlwxwlrqhooh Dqohjhu xqg Sxeolnxpvjhvhoovfkdiw= Hlqh Hp0
slulvfkh Xqwhuvxfkxqj/￿ Glh Dnwlhqjhvhoovfkdiw 73/ <:04451
Erowrq/ S1/ dqg yrq Wkdgghq/ H10O1 +4<<;,/ ￿Eorfnv/ Oltxlglw|/ dqg Frusrudwh Frqwuro/￿ Mrxuqdo ri
Ilqdqfh 86/ 40581
Exunduw/ P1/ Jurpe/ G1/ dqg Sdqxq}l/ I1 +4<<:,/ ￿Odujh Vkduhkroghuv/ Prqlwrulqj/ dqg wkh Ydoxh ri
wkh Ilup/￿ Txduwhuo| Mrxuqdo ri Hfrqrplfv 445/ 9<60:5;1
59Fkdunkdp/ M1 +4<<7,/ Nhhslqj Jrrg Frpsdq|= D Vwxg| ri Frusrudwh Jryhuqdqfh lq Ilyh Frxqwulhv1
R{irug= Foduhqgrq Suhvv1
Fruehww/ M1/ dqg Mhqnlqvrq/ W1 +4<<:,/ ￿Krz Lv Lqyhvwphqw IlqdqfhgB D Vwxg| ri Jhupdq|/ Mdsdq/
XN/ dqg wkh XV/￿ Hfrqrplf Vwxglhv Zrunlqj Sdshu 49/ Dphulfdq Lqvwlwxwh iru Frqwhpsrudu|
Jhupdq Vwxglhv/ Mrkqv Krsnlqv Xqlyhuvlw|1
Ghpvhw}/ K1/ dqg Ohkq/ N1 +4<;8,/ ￿Wkh Vwuxfwxuh ri Frusrudwh Rzqhuvkls= Fdxvhv dqg Frqvh0
txhqfhv/￿ Mrxuqdo ri Srolwlfdo Hfrqrp| <6/ 4488044::1
Ghzdwulsrqw/ P1/ dqg Wluroh/ M1 +4<<7,/ ￿D Wkhru| ri Ghew dqg Htxlw|= Glyhuvlw| ri Vhfxulwlhv dqg
Pdqdjhu0Vkduhkroghu Frqjuxhqfh/￿ Txduwhuo| Mrxuqdo ri Hfrqrplfv 43</ 435:043871
Hgzdugv/ M1/ dqg Ilvfkhu/ N1 +4<<7,/ Edqnv/ Ilqdqfh dqg Lqyhvwphqw lq Jhupdq|1 Fdpeulgjh= Fdp0
eulgjh Xqlyhuvlw| Suhvv1
Hgzdugv/ M1/ dqg Qleohu/ P1 +4<<<,/ ￿Frusrudwh Jryhuqdqfh lq Jhupdq|= Wkh Lq xhqfh ri Edqnv dqg
Odujh Htxlw|0Kroghuv/￿ plphr/ Fdpeulgjh Xqlyhuvlw|1
Iudqnv/ M1/ dqg Pd|hu/ F1 +4<<;,/ ￿Rzqhuvkls dqg Frqwuro ri Jhupdq Frusrudwlrqv/￿ plphr/ Orqgrq
Exvlqhvv Vfkrro1
Jurvvpdq/ V1M1/ dqg Kduw/ R1G1 +4<;3,/ ￿Wdnhryhu Elgv/ wkh Iuhh0Ulghu Sureohp/ dqg wkh Wkhru| ri
wkh Frusrudwlrq/￿ Ehoo Mrxuqdo ri Hfrqrplfv 44/ 750971
Jurvvpdq/ V1M1/ dqg Kduw/ R1G1 +4<;5,/ ￿Frusrudwh Ilqdqfldo Vwuxfwxuh dqg Pdqdjhuldo Lqfhqwlyhv/￿
lq= Wkh Hfrqrplfv ri Lqirupdwlrq dqg Xqfhuwdlqw|/ hg1 e| M1M1 PfFdoo1 Fklfdjr= Xqlyhuvlw| ri
Fklfdjr Suhvv1
Kdfnhwkdo/ D1 +4<<<,/ ￿Frusrudwh Ilqdqflqj lq Jhupdq|/ wkh Xqlwhg Vwdwhv/ dqg Mdsdq 0 D Qhz
Shuvshfwlyh/￿ plphr/ Xqlyhuvlw| ri Iudqnixuw1
Kduulv/ P1/ dqg Udyly/ D1 +4<<5,/ ￿Ilqdqfldo Frqwudfwlqj Wkhru|/￿ lq= Dgydqfhv lq Hfrqrplf Wkhru|
0 Vl{wk Zruog Frqjuhvv/ hg1 e| M10M1 Od￿rqw1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1
Khoozlj/ P1I1 +4<<7,/ ￿D Uhfrqvlghudwlrq ri wkh Mhqvhq0Phfnolqj Prgho ri Rxwvlgh Ilqdqfh/￿ ZZ]
Glvfxvvlrq Sdshu <755/ Xqlyhuvlw| ri Edvho1
Kluvkohlihu/ G1/ dqg Wkdnru/ D1Y1 +4<<5,/ ￿Pdqdjhuldo Frqvhuydwlvp/ Surmhfw Fkrlfh/ dqg Ghew/￿
Uhylhz ri Ilqdqfldo Vwxglhv 8/ 76:07:31
Kropvwuøp/ E1U1/ dqg Wluroh/ M1 +4<<6,/ ￿Pdunhw Oltxlglw| dqg Shuirupdqfh Prqlwrulqj/￿ Mrxuqdo ri
Srolwlfdo Hfrqrp| 434/ 9:;0:3<1
Mhqvhq/ P1F1/ dqg Phfnolqj/ Z1K1 +4<:9,/ ￿Wkhru| ri wkh Ilup= Pdqdjhuldo Ehkdylru/ Djhqf| Frvwv/
dqg Rzqhuvkls Vwuxfwxuh/￿ Mrxuqdo ri Ilqdqfldo Hfrqrplfv 6/ 63806931
Mhqvhq/ P1F1 +4<;9,/ ￿Djhqf| Frvwv ri Iuhh Fdvk Iorz/ Frusrudwh Ilqdqfh/ dqg Wdnhryhuv/￿ Dphulfdq
Hfrqrplf Uhylhz :9/ 656065<1
Pd|hu/ F1 +4<<3,/ ￿Ilqdqfldo V|vwhpv/ Frusrudwh Ilqdqfh/ dqg Hfrqrplf Ghyhorsphqw/￿ lq= Dv|pphw0
ulf Lqirupdwlrq/ Frusrudwh Ilqdqfh/ dqg Lqyhvwphqw/ hg1 e| U1J1 Kxeedug1 Fklfdjr= Xqlyhuvlw|
ri Fklfdjr Suhvv1
P|huv/ V1F1 +4<<9,/ ￿Rxwvlgh Htxlw| Ilqdqflqj/￿ plphr/ Pdvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj|1
5:Udmdq/ U1 +4<<5,/ ￿Lqvlghuv dqg Rxwvlghuv= Wkh Fkrlfh ehwzhhq Lqiruphg dqg Dup*v Ohqjwk Ghew/￿
Mrxuqdo ri Ilqdqfh 7:/ 469:047331
Vfkduivwhlq/ G1V1/ dqg Vwhlq/ M1F1 +4<<:,/ ￿Wkh Gdun Vlgh ri Lqwhuqdo Fdslwdo Pdunhwv= Glylvlrqdo
Uhqw0Vhhnlqj dqg Lqh!flhqw Lqyhvwphqw/￿ QEHU Zrunlqj Sdshu 8<9<1
Vkohlihu/ D1/ dqg Ylvkq|/ U1Z1 +4<<:,/ ￿D Vxuyh| ri Frusrudwh Jryhuqdqfh/￿ Mrxuqdo ri Ilqdqfh 85/
:6:0:;61
Vwljolw}/ M1H1/ dqg Zhlvv/ D1 +4<;4,/￿Fuhglw Udwlrqlqj lq Pdunhwv zlwk Lpshuihfw Lqirupdwlrq/￿ Dphu0
lfdq Hfrqrplf Uhylhz :4/ 6<607431
Vwxo}/ U1P1 +4<;;,/ ￿Pdqdjhuldo Frqwuro ri Yrwlqj Uljkwv= Ilqdqflqj Srolflhv dqg wkh Pdunhw iru
Frusrudwh Frqwuro/￿ Mrxuqdo ri Ilqdqfldo Hfrqrplfv 53/ 580871
yrq Wkdgghq/ H10O1 +4<<8,/ ￿Orqj0Whup Frqwudfwv/ Vkruw0Whup Lqyhvwphqw/ dqg Prqlwrulqj/￿ Uhylhz
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